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1. NORMED VECTOR SPACES

Section 1. Normed Vector Spaces

1.1. Definition: If V is a vector space over F € {R,C}, then a norm on V is a function
|||l : V= [0,00) such that

e |[v]| =0 <= v =0 (positive definite),
o | \v|| = |A|||v]| for all A € F and v € V (positive homogeneous), and
o ||u+v| <|ul| + [Jv| for all u,v € V (triangle inequality),

we say that (V,||-]|) is a normed vector space. A seminorm satisfies (2) and (3) and ||0y || = 0,
but possibly some non-zero vectors have zero norm.

1.2. Example: R™ and C™ for n > 1 with the Euclidean norm. Indeed, any inner product
space is a normed vector space with norm ||z| = (z, x)l/ 2. As an exercise, show that the triangle
inequality follows from the Cauchy-Schwarz inequality, i.e.,

[z, ) | < llzlllyll = (= +y1)? < (l=] + [y ).

1.3. Example (Infinity Norm): If X C R", let C*(X) denote the space of bounded continuous
functions on X with supremum norm (aka: Chebyshev norm, infinity norm)

[flloc = sup [f(z)].
zeX

If X is closed and bounded, the EVT says that every continuous function on X is bounded and
attains its maximum, i.e.,

[flloe = sup |f(2)] = max|[f(z)].

In this case, we write C'(X) for the space of all continuous functions on X with the supre-
mum norm. We write Cr(X) if we want the real vector space of real valued continuous
functions.

1.4. Example (/,-Norms on Vectors): The most commonly used vector norms belong to
the family of p-norms, or /,-norms, which are defined by

n 1/p
]l = (Z !m”) ;
i=1

In particular, the ¢1-norm is given by
zfly = |z + - 4 |zal.

For 1 < p < oo, let @(7") be the normed vector space over C with the p-norm. Define 65;‘) as the
normed vector space over C with norm

[2]loo = max{lay], ..., [zn]}-



1. NORMED VECTOR SPACES

1.5. Example (L,-Norms on Continuous Functions): For 1 < p < oo, the LP-norm on
Cla,b] :={f : [a,b] — C| f is continuous} is given by

HfM==<Aﬂf@N“M>Ué
|mh=£ﬂﬂ@ux

1.6. We now show that the last two examples are valid. Let [, denote the set of all infinite
sequences with coefficients in C or R, = (21, x2,x3,...), for which the sequence satisfies

lzllh =D laf” < oo

i>1

In particular,

Likewise, let [, denote the vector space of all bounded sequences with

]| = sup |z
i>1

1.7. Theorem (Minkowski): Forl < p < oo, the triangle inequality is valid for the LP norm
(n)

on Cla,b] and the norm on l, and ly”. Equality holds only when f and g lie in a 1-dimensional

subspace.

Proof. Let f,g € Cla,b] be non-zero functions (the case of f = 0 or g = 0 is trivial). Define
A = ||fll, and B = ||g|l; A,B € C. Note that A > 0 because |f(z)| > 0 on some interval
(c,d) by continuity and similarly B > 0. Thus, we may define fy = f/A and g9 = g/B. Clearly,

[ follp = 1 = llgollp-

Consider the function ¢(z) = 2P on [0,00). Note that ¢"(z) = p(p — 1)2P~2 > 0 on (0,00), and
thus ¢(x) is a strictly convex function, i.e., it curves upwards, or that for all z1,z9 € [0,00) and
0<t<l,

p(trr + (1 —t)ze) < tp(z1) + (1 — t)p(z2),

with equality only when z1 = 2z or t € {0,1}. Therefore, every chord between distant points on
the curve y = ¢(x) lies strictly above the curve, which implies that for any = € [a, b],

(455 h@I+ o gla@l) < FEplhEP + 52 gl (1)

Integrating this equation, we get

b b T T p
(AJrlB)P/ |f(x)+g(x)|pda:§/ <A|f0( 1)41?90( )’) dx

oA B
< [ (Gpher+ 2 plnr)

A
P P—1.
= g ol + 5 ol

B
A+ B

3



1. NORMED VECTOR SPACES

Multiplying both sides by (A + B)P, we get
If +9llp < (A+B)P = ([[fllp + llgllp)”

as desired. Finally, note that (1.1) is a inequality unless |fo(x)| = |go(z)|. If they differ at some
xo, then by continuity, the differ on an interval (¢, d) containing 9. Thus, when we integrate, the
inequality will be strict. This shows that | fo| = |go|. Also in the first line of integration, the inequal-
ity is strictly unless sign(fo(x)) = sign(go(x)). Again strictly inequality at a point leads to strict
inequality on a whole interval, and thus a strict inequality when we integrate. Combining these two
ideas, we see that for equality, we require fo = go, or that g = Bf/A, i.e., g is a scalar multiple of f.

The proof for /,, and lén) is basically the same, but without any concern about continuity. Suppose

x,y € l, are non-zero (or the statement is trivial). Set A = ||z||, and B = ||y||,. By the convexity
of p(x) = 2P, we obtain that

e + 1w\ _ (A Jal B Y’
A+ B A+B A A+BB

A (=", B (lwl\"
< +——— (=
T A+B\ A A+B\ B

Sum from 1 to oo (or stop at n), we obtain that

1 S = [ |w] + |y \P
) NP dr <
(A+B)p;’xl+yz| x—2< A+ B

— A |z \” B lyil \*
< —_— =1.
;AJrB(A) +A+B<B

Multiplying both sides by (A + B)P, we get
Iz +yll; < (A+ B)P = ([lzll, + llyllp)”

as desired. Finally, the equality holds when

il il
Vi:— =c=—
A TB
for some ¢ € R, or that y = Bz /A, i.e., y is a scalar multiple of . O



2. METRIC SPACES

Section 2. Metric Spaces

2.1. Motivation: The idea of a metric space generalizes the notion of distance beyond subsets
of Euclidean space. Many ideas, such as continuity and completeness, extend naturally to this
context.

2.2. Definition: A metric space (X,d) is a set X together with a distance function
d: X x X —[0,00) such that

e d(z,y) =0 < z=yforz,y e X.
e d(z,y) =d(y,z) for z,y € X (symmetry), and
o d(z,z) <d(x,y) +d(y,z) for z,y,z € X (triangle inequality).

2.3. Remark: A useful consequence of the triangle inequality, sometimes called the reverse
triangle inequality, is that for z,y,z € X, d(z, z) > d(z,y) — d(y, 2).

2.4. Example: Let (V)] - ||) be a normed vector space, X C V', and define d(z,y) = ||z — y|
for z,y € X. Then (X,d) is a metric space induced by the norm.

2.5. Example (Discrete Metric): Let X be a set. The discrete metric is given by

0 ==y,
d(:c,y):{l x;éz

The Hamming distance on the collection P(X) of all subsets of a finite set X given by
p(A,B) = |[AAB| = [(AUB) \ (AN B)|.

2.6. Example (Geodesic Distance): If X is the sphere Sy, namely the surface of the unit
ball in R4 (or any other manifold), the geodesic distance between two points x,y € X is the
length of the shortest path on the surface from x to y. On Sy, there is a unique great circle® through
x # y, namely the intersection of the place spanned by x and y in R? with So. The shortest path
follows this circuit from x to y in the shorter direction. Since any path from z to y and on to z
has to be at least as long as the shortest path from z to z, the triangle inequality holds.

“A great circle, also known as an orthodrome, of a sphere is the intersection of the sphere and a plane that passes
through the center point of the sphere. A great circle is the largest circle that can be drawn on any given sphere.

2.7. Example (Hausdorff metric): Let X be a closed subset of R™ and H(X) the collection
of all non-empty closed bounded subsets of X. If A€ H(X) (AC X) and b € X, define

d(b,A) = inf ||a — b|| = min ||a — b,
acA acA

which measures the shortest distance between a point b and a set A.
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Note f(a) = ||la — b|| is continuous on the closed bounded set A, so EVT guarantees that the
minimum is attained. In particular, b ¢ A = d(b, A) > 0. Indeed, if d(b, A) = 0, then there is
a sequence a,, € A such that ||b — a,| — 0, so lim,_,~ a, = b. Since A is closed, b € A, a desired
contradiction.

sup inf d(z,y)

zeX YEY

sup inf d(z,
yegm'GX ( y)

Figure 1.1: Distance between the green line X and the blue line Y. (Wikipedia)
The Hausdorff metric on H(X) is given by

di(A, B) = max {sup d(a, B),sup d(b, A)} ,

acA beB
which measures how far two subsets of a metric spaces are from each other. Intuitively, two sets
are close in the Hausdorff distance if every point of either set is close to some point of the other
set. The Hausdorff distance is the longest distance you can be forced to travel by an adversary
who chooses a point in one of the two sets, from where you then must travel to the other set. In
other words, it is the greatest of all the distances from a point in one set to the closest point in the
other set.

Again these supremums are attained. Note that dy(A, B) < co because A and B are bounded. If
A # B, then there is a point in exactly one of A and B, e.g., there exists a € A\ B, which gives
dy(A,B) > d(a,B) > 0.

2.8. Definition: If (X,d) is a metric space and Y C X, then (Y, d) has the induced metric
d(y1,y2) obtained by restricting d to Y x Y.

2.9. Definition: Two metrics d and d’ on X are (strongly) equivalent if there exist constants
0<c<C(C < oo so that

Vi, 29 € X : ¢ d(x1,22) < d'(21,22) < C - d(x1, 22).
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2.10. Remark: Two metrics d and d’ are said to be (topologically) equivalent if for each
x € X, there exists positive constants 0 < ¢, < C, < 00 so that

Vye X e, -d(z,y) <d(z,y) < Cyp-d(x,y).

Strong equivalence implies topological equivalence but not vice versa.

2.11. Example (Equivalence of Metrics): Let S! denote the unit circle in C, namely
Sl={zeC:|z|=1} ={?:0< 0 < 2r}.
Let p be the geodesic distance around the circle. Then
p(e' e2) = min{|0, — 6,27 — |6, — 62|}
Now S' also has an induced metric d from the Euclidean norm on C:
d(e, %) = | — ¢%2] = 25in %p(ewl,ewz).

On the interval [0,7/2], the function f(z) = sinz is concave down as f”(z) = —sinz < 0 on
(0,7/2). Thus, for any = € [0,7/2], 22 < sinz < =.

™

y = sin(x)

| | >
T T

0 /4 /2

Since Lp(e?1, 2) lies in [0, 7/2], we can deduce that
2
2 o ibs 0, b 0, i
— < d(er,e?) < p(e't, e'??).
Zp(e, ¢) < d(ei®, ei%) < p(e”, %)

By definition, p and d are equivalent on S*.



3. ToprpoLOGY OF METRIC SPACES
Section 3.

Topology of Metric Spaces

3.1. We omit the proofs in this section as most of them were covered thoroughly in MATH-247.
3.2. Definition: Let (X, d) be a metric space.
e The open ball about = € X of radius r > 0 is
by(x) ={y € X : d(z,y) <r}.
e The closed ball about x € X of radius » > 0 is
be(z) ={y € X : d(z,y) <r}.

e A subset N C X is a neighbourhood of z € X (often known as the center) if there exists
some r > 0 (often known as the radius) such that that b.(z) C N.

e A subset U C X is open if for all € U, there exists an r > 0 such that b,.(z) C U. In
other words, U contains a neighbourhood for each point x € U. A set C C X is closed if its
complement C¢:= X \ C is open.

3.3. Proposition: b,(x) is open for r > 0 and b.(z) is closed for r > 0.

Proof. Omitted.

O]

3.4. Remark: Closed is not the opposite of open. A set can be neither closed nor open (e.g.,
(a,b] and Q in R), or both closed and open (e.g., @ and R in R).

Figure 1.2: U := {(z,y) € R? : 2y > 1}.
3.5. Example: Some easy examples:
o U:={(x,5) € R?: 2y > 1} is open in R2,
o C:={(x,y) € R?: 2y > 1} is closed in R?,

e The entire set X is always open and closed
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3.6. Proposition:

o The union of an arbitrary collection of open sets is open.

o The intersection of an arbitrary collection of closed sets is closed.
o The intersection of finitely many sets is open.

e The union of a finite collection of closed set is closed.

Proof. Omitted. O

3.7. Definition: Let (X, d) be a metric space and A C X. If there are points a,, € A such that
lim,, o0 ap = ag, we say that ag is a limit point of A. Moreover, if one can choose the points a,
to be all distinct, then ag is an accumulation point of A. A point a € A is an isolated point if
there is an open set U such that UN A = {a}.

3.8. Definition: Let (X, d) be a metric space and A C X.

e The closure of A, denoted A, is the set A combined with all limit points of A. It is the
smallest closed set containing A.

e The interior of A, denoted int(A), is given by

{or(@) : > 0,b,(a) € A}

It is the largest open set contained in A.

3.9. Proposition: Let (X,d) be a metric space. A subset A C X is closed iff it contains all of
its limit points.

Proof. Omitted. O

3.10. Proposition: Let (X, d) be a metric space and A C X. Then
A=N{C:C 2 A,C closed}

= {all limit points of A}
= AU {all accumulation points of A}
= {all isolated points of A} U {all accumulation points of A}.
Proof. Omitted. O

3.11. Corollary: Let (X,d) be a metric space and A C X. Then A = A.

Proof. Omitted. O



4. CONTINUOUS FUNCTIONS

Section 4. Continuous Functions

4.1. Motivation: In this section, we generalize the ¢ — § definition from elementary Calculus.
Let (X,d) and (Y, p) be metric spaces and f : X — Y be a function. We omit the proofs in this
section as most of them were covered thoroughly in MATH-247.

4.2. Definition: f is continuous at zg € X if for all £ > 0, there exists a > 0 so that

d(x,20) <5 = p(f(2), f(20)) < e.

The function f is continuous if it is continuous at every x € X.

4.3. Definition: f is uniformly continuous if for all € > 0, there is a 0 > 0 so that
Vo, xg € X 1 d(z1,22) <0 = p(f(z1), f(z2)) <e.
Note that here, the § does not depend on .

4.4. Definition: f is sequentially continuous if
lim z, =29 (in X) = lim f(z,)= f(zo) (inY)
n— o0

n—0o0

4.5. Proposition: The following are equivalent.

(1). f is continuous.
(2). f~1(V) is open in X for every open set V CY.

(8). f is sequentially continuous.

Proof. Omitted. O

4.6. Proposition: Let (X,d), (Y, p), and (Z,0) be metric spaces.

e The composition of continuous functions is continuous.

o If f: X =Y and g: X — Z are continuous, then h = (f,g) : X — Y X Z is continuous.

Proof. Omitted. O

4.7. Proposition: The set of continuous function on a metric space (X,d) with values in
F € {R,C} is an algebra. That is, sums, products, and scalar multiples of continuous functions are
continuous.

Proof. Omitted. O

10



4. CONTINUOUS FUNCTIONS
4.8. Some functions preserve the structure of a metric space, or at least some part of it.

4.9. Definition: f is isometric or is an isometry if

Vai,x9 € X : p(f(x1), f(z2)) = d(x1, x2)

f is Lipschitz if there exists a constant C' < co so that
Vay,xe € X : p(f(x1), f(x2)) < Cd(x1,x2).
f is biLipschitz if there are constants 0 < ¢ < C' < oo so that
Vo, xe € X :cd(z1,22) < p(f(x1), f(x2)) < Cd(z1,x2).

f is a homeomorphism if it is a continuous bijection such that f~! is also continuous.

4.10. Remark: An isometry perserves the distance:

p(f(x1), f(22)) = d(z1,72)
—_— ———
distance between images of 7 and x2 under f in Y  distance between z; and x5 in X

It is clearly biLipschitz with ¢ = C' = 1. In particular it is injective. If f is a surjective isometry,
then the inverse map is also an isometry, and in particular f is a homeomorphism.

4.11. (Cont’d): A Lipschitz function is limited in how fast it can change. Let f : R — R
be Lipschitz. Then there is a real number such that, for every pair of points on the graph of this
function, the absolute value of the slope of the line connecting them is not greater than this real
number; the smallest such bound, denoted C, is called the Lipschitz constant:

fa1) — f(x2)

Ty — X2

<C.

Every map with a bounded first derivative is Lipschitz; Lipschitz maps are uniformly continuous.

4.12. (Cont’d): A biLipschitz function is injective, and is in fact a homeomorphism onto its
image. It is the same thing as an injective Lipschitz function whose inverse is also Lipschitz.

4.13. (Cont’d): A bijection which is biLipschitz has an inverse which is also biLipschitz with
constants C~! and ¢~!. This is a homeomorphism. It may stretch or contract the distance a
limited amount, but it preserves a lot of the structure. The original metric d will be equivalent to

the metric o(x1,x2) = p(f(x1), f(x2)).

4.14. (Cont’d): A homeomorphism preserves open sets. That is, if V is open in Y, then
f~Y(V) is open in X because f is continuous; if U is open in X, then f(U) = (f~1)~}(U) is open
because f~! is continuous. However, it may overstretch or understretch the metric so that certain
quantitative things change.

11



5. FINITE-DIMENSIONAL NORMED VECTOR SPACES

Section 5. Finite-Dimensional Normed Vector Spaces

5.1. Recall two norms || - || and [||-|| are equivalent if there are constants 0 < ¢ < C' < oo so that

Vo e Vicloll < lloll < ol

5.2. Theorem: IfV is a finite dimensional vector space over F € {R,C}, then any two norms
on V are equivalent.

Proof. Since V is finite-dimensional, we have V ~ F" with n = dim V. Fix a basis ey, ..., e, for V.
Then each v € V has the form v = Y7 | vie; with v; € F. Let |jv]l2 = (31, [v:]?)'/? be the 2-norm.
This is the usual Euclidean norm on F™. It suffices to show that all norms on V' are equivalent to
|| - |- Let [|-]| be another norm on V. By the triangle inequality,

n n
ol <> llviell < D loilllell-
i=1 i=1

By the Cauchy-Schwarz inequality,

n 1/2 n 1/2
lloll < (Zlvil2> (Z € 2) =: Cllvll2,
=1

i=1

1/2
where C := (Z?Zl ]HeZH]Q) is a constant. This shows that [||v]| is a Lipschitz function on (V,||-]|2),

and in particular it is continuous.

Let S := {v € V : ||v|]|2 = 1} be the unit sphere in V. This is a closed and bounded set in F", so we
can apply the EVT to the continuous function [||v|| to conclude that it attains its minimum value
on S, say

¢ = lluoll = ing [lo]l

Since 0 € S, we have ¢ > 0. Take any non-zero v € V. Then v/||v||2 belongs to S. Hence,

B
— Al Tloll
It follows that Vv € V' : ¢|lv]j2 < ||v]| < CJlv||2 and the two norms are equivalent. O

5.3. Corollary: FEvery vector space norm on F" is biLipschitz homeomorphic to F™ with the
Euclidean norm.

Proof. Omitted. O

12



6. COMPLETENESS

Section 6. Completeness

6.1. Intuition: Intuitively, Cauchy sequences behave like convergent sequences, but the defini-
tion avoids naming the limit point.

6.2. Definition: Let (X, d) be a metric space. A sequence (x,,),>1 of points in X is a Cauchy
sequence if for every &, there is an N € N so that

Vm,n > N : d(Tm,zy) < €.

6.3. Intuition: Intuitively, a space is complete if there are no points “missing” from it (inside
or at the boundary). For instance, Q is not complete, because even though one construct a Cauchy
sequence of rational numbers that converges to v/2, this point is not in Q. It is always possible to
"fill all the holes”, leading to the completion of a given space (discussed later).

6.4. Definition: A metric space (X, d) is complete if every Cauchy sequences in X converges
to a limit in X. A complete normed vector space is called a Banach space.

6.5. Proposition: Convergent sequences are Cauchy sequences.

Proof. See MATH-147. O

6.6. Example:

e If X has the discrete topology, a Cauchy sequence is eventually constant. (£ < 1)
e R and R” are complete.

e Let X = (—1,1) with the Euclidean metric d induced from R. Then (X,d) is not complete
because x, = n/(n + 1) is Cauchy but has no limit in X.

6.7. Proposition: Suppose that (X,d) is a complete metric space and' Y C X is a subset with
the induced metric. Then (Y,d) is complete iff Y is closed in X.

Proof. =>: Let x € Y, the closure of Y. Then there is a sequence (Yn)n>1in Y with x = limy, 00 Yn.
By Proposition 6.5, this is a Cauchy sequence. Since Y is complete, the sequence has a limit in Y,
namely x € Y. Thus Y is closed.

<=: Let (yn)n>1 be a Cauchy sequence in Y. Since X is complete, and this sequence is also

Cauchy in X, the limit z = lim,,_,, y, exists in X. Because Y is closed, € Y. Thus the sequence
converges in Y and Y is complete. O

13



6. COMPLETENESS

6.8. Recall [, denotes the set of all infinite sequences with coefficients in C or R, x =
(x1, 22,23, ...), for which the p-norm is finite, i.e.,

Il = > Jil” < oo
1>1

Note the “elements” in [, are infinite sequences x = (z1, z2,...) (use bold font to emphasize this).
Our goal below is to show that a Cauchy sequence x,, in [, converges to some sequence x in .

6.9. Theorem: The normed vector space l, for 1 < p < oo is complete.

Proof. Let x,, = (Zp1,Zn2,...) for n > 1 be a Cauchy sequence in [,. That is, we are considering
the Cauchy sequence (x1,Xs,...) where each ”element” in this sequence is an infinite sequence
x; = (21, %42, ...) in [,. Notice the individual ”elements” in [, are infinite sequences and the dis-
tance between these “elements” are measured by the p-norm.

Given ¢ > 0, since (xp)p>1 is Cauchy, we can find N = N(¢) so that
Vm,n > N : ||Xp — Xy |lp < €.
The component-wise difference must be no greater than the p-norm distance, i.e.,
Vi =1 @mg — Tngl < [%m — Xnlp-

Therefore, the sequence (zy;)n,>1 constructed by extracting the j-th component from each (x,)n>1
is a Cauchy sequence in R. Since R is complete, lim,,_, z5; =: ; exists. Consider the sequence
of these limit points, i.e., x = (21, x2,...). It remains to show that it lies in [,,.

Fix an integer J. Then for all N < m < n,

J
Z |xnj - xmj‘p < lxm — Xan <eP.

J=1

Keep m fixed and let n — co. Since this is a finite sum and each term converges, we obtain

J
Vm > N : Z|m] — Tmj|P < €P.
j=1
Now let J — oo, we obtain that
o0
Vm > N |x = Xmlly =Y |2j — 2P < &P (1.2)
j=1

In particular, Minkowski’s inequality shows that
1xllp < 1Xmllp + [[x = Xmllp < occ.

By definition of l,, x € [,,. Finally, (1.2) shows that x = lim,;,—,oc Xp,. S0 [, is complete. O
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6. COMPLETENESS

6.10. Definition: If (V,|| - ||) is a normed vector space, let L(V,F) denote the vector space of
linear maps of V into the scalars, the linear functionals, and let V* denote the dual space of
V' of all continuous linear functionals.

6.11. Proposition: Let (V)| -||) be a normed vector space and ¢ € L(V,F). TFAE:

(1). ¢ is continuous.

(2)- llell := sup{le(v)] : [lvl| <1} < oo.

(3). ¢ is continuous at v = 0.

Proof. (1) = (3): trivial.

2)=0)Ifu#veV, setw= H and note that
U —v

p(u) = ()] = lp(u = v)] = [p(w)lllu = o] < [l@]llu =]

Hence ¢ is Lipschitz and thus is continuous.

—(2) = —(3). Suppose there are vectors {v,},>1 in V with each [jv;|| = 1 and |p(v;)| > 2. Then
1
(a)
n

6.12. Theorem: Let (V,| - ||) be a normed vector space. Then (V*,| - ||«) is a Banach space.

1
for n — oo, —v,, — 0 while
n

> n diverges. Thus ¢ is discontinuous at 0. ] O

Proof. We wish to show that (V*,|| - ||«) is a complete normed vector space. We first show that
| - ||« is a norm. Clearly |||« = 0 iff p(v) = 0 for all v € V with |v|| < 1. This forces ¢ = 0 by
linearity. Also if A € FF,

[Aelle = sup |Ap(v)] = [A] sup |p(v)] = [l
Joll<1 loll<1

s0 |||l is positively homogeneous. For the triangle inequality, take ¢, € V*. Observe

lo +¢lls = sup |p(v) +(v)]

lvll<1

< sup ([p(v)] + [¢(v)])
lvlI<1

< sup |p(v)| + sup |¥(v)]
lofl<1 lvf<1

= [lollx + 19]]

For completeness, let (¢, ),>1 be a Cauchy sequence in V*. For each v € V,

lom (V) = @n(V)] < [lom — @nll«[lv]-

It follows that (¢n(v))n>1 is a Cauchy sequence in F. Since F is complete, define

p(v) = lim o, (v).

15



6. COMPLETENESS

Then

p(hu+ pw) = lim g (Au + pw)
Jim (A (1) + ppn ()
= Ap(u) + pp(v).

Therefore ¢ is linear. Let € > 0 and select N so that if m,n > n, then ||p, — ¢nlln < co. In
particular, if ||v]| < 1, we have that o, (v) — ¢n(v)| < . Holding m fixed and letting n — oo, we
get |pm(v) — on(v)| < oco. Taking the supremum over all v with [[v|| < 1 yields |[¢m — ¢« < €
when n > N. In particular,

el < llemlle + [lom — ¢l < o0,
so ¢ € V*. We also have shown that lim,, o0 om = ¢ in (V*, || - ||+), so V* is complete. O
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7. COMPLETENESS OF R AND R"

Section 7. Completeness of R and R”

7.1. We omit the proofs in this section as they were covered in MATH-147 and MATH-247.

7.2. Lemma (Least Upper Bound Principle): If S is a non-empty subset of R which is
bounded above [/below], then S has a least upper bound [/greatest lower bound).

Proof. Omitted. O
7.3. Corollary: A bounded monotone sequence in R converges.
Proof. Omitted. O

7.4. Theorem (Bolzano-Weierstrass): Fuvery bounded sequence in R has a convergent
subsequence.

Proof. Omitted. O

7.5. Lemma: Cauchy sequences are bounded.

Proof. Omitted. O

7.6. Theorem: R is complete.

Proof. Omitted. O

7.7. Theorem: R" is complete.

Proof. Omitted. O

7.8. Corollary: If V is a normed vector space and M is a finite dimensional subspace, then M
is complete and hence closed in V.

Proof. Omitted. O

17



8. LimITs oF CONTINUOUS FUNCTIONS

Section 8. Limits of Continuous Functions

8.1. Motivation: Let (X,d) and (Y, p) be metric spaces. A sequence of functions f,, : X — Y
converges point-wise to f if for every € X one has lim,_,~ fn(2) = f(z). However, this notions
has many problems, e.g.,

e The limit of a point-wise convergent sequence of continuous functions does not have to be
continuous.

e The derivatives and integrals of a point-wise convergent sequence of (real-valued) functions
do not have to converge.

We now introduce a more robust notion of convergence.

8.2. Definition: If X C R, let C*(X) denote the space of bounded continuous functions on X
with supremum norm

[flloc = sup [f(z)].
zeX

8.3. Definition: Let (X, d) and (Y, p) be metric spaces. A sequence of function f, : X — Y
converge uniformly to f if for all € > 0, there is an N € N such that

Vn > N : |[f = falleo = sup p(f (), fn(z)) <e.
zeX

In words, we can find an index N € N such that the supremum/maximum distance between f and
any f, with n > N (measured by p) is less than e.

If(x)-g(x)|

d(f,g) is the largest
vertical distance between
the graphs of f and g

8.4. Remark: Let f,g € F C R — R. Intuitively, you can view the quantity
1f = glloc = supd(f(z), g(z)) = sup|f(z) — g(z)|
z€eE zeE

as the “largest” vertical distance between the graphs of f and g.

18



8. LimITs oF CONTINUOUS FUNCTIONS

8.5. An interesting observation is that the uniform convergence of a sequence of bounded
continuous functions { f, },>1 is in fact equivalent to convergence in the metric space C’(X), where
functions are treated as ”elements” and the same supremum norm is considered. We summarize
this into the following lemma and omit the proof.

8.6. Lemma: A sequence of bounded functions f, : X — Y converges uniformly to f iff
Il fn — flloo = O, i.e., iff fn converges to f in the sense of convergence in the metric space C*(X).

8.7. We now look at some consequences of uniform convergence. We first look at two examples
from previous analysis courses. Let f, : [a,b] — R be a sequence of functions.

e If f,, is a sequence of Riemann integrable functions that converges uniformly to f : [a,b] — R,
then the limit f is also Riemann integrable and

n—oo

b b
lim fn(x) dx:/ f(x) dx.

Since f(x) = limy, 00 fn(x), we can rewrite the conclusion as

b b
lim [ fo(z)dz = / lim f,, dz.

n—oo a
This result justifies switching limits and integration.

e Let f, be a sequence of differentiable functions whose derivatives f;, are continuous. If f,
converges uniformly to f and f], converges uniformly to g, then the limit f is differentiable
and its derivative is f’ = ¢g. In other words,

li =

This result justifies switching of limits and derivatives.

Next, we show that the limit of a uniform convergent sequence of continuous functions is continuous.

8.8. Theorem: Let (X,d) and (Y,p) be metric spaces. Suppose that f, : X =Y forn > 1
18 a sequence of continuous functions which converge uniformly to f. Then f is continuous. If
Y =F € {R,C} and f, € Ci(X), then f € CE(X).

Proof. Fix g € X and € > 0. By uniform convergence, there is an N such that ||f — fx]lc < €/3.
Since fn is continuous, there is a 6 > 0 so that d(z,zo) < 6 = p(fn(z), fn(zo)) < €/3. Then if
d(x,x0) < 9, we get

p(f (), f(zo)) < p(f (@), fn(2)) + p(fn(2), [ (20)) + (S (20), f(20))

13 g 3 g
<Hf—fNHoo+§+Hf—fN”oo<§+§+§—5-

To see that f € C%(X), it is easy to see that the convergence in the supremum norm is precisely
uniform convergence. Using € = 1 and the corresponding N, we have || floo < || /N |loot | f = fNloo <

|l /5 |loo + 1. We conclude that f € C?(X). O
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8. LimITs oF CONTINUOUS FUNCTIONS

8.9. The bounded continuous functions behave really nice.

8.10. Theorem: If (X,d) is a metric space, the normed vector space C3(X) is complete for
F e {R,C}.

Proof. Let (fn)n>1 be a Cauchy sequence in C®(X). Given € > 0, there is an N € N so that
Vm,n > N || fn— fimlleo < €.

For each x € X,

Therefore, (fn(x))n>1 is a Cauchy sequence. Since F = R or C is complete, there is a pointwise
limit f(x) := limy, o0 fn(z). Moreover, for n > N, by fixing n and letting m — oo,

o) = F@)] = T |fue) — fnl)] <.

This is valid for all x € X, and thus ||f, — f|lcc < € for all n > N. That is, f,, converges uniformly
to f. By Theorem 8.8, the limit f is continuous and bounded, so lies in C®(X). Therefore, C*(X)
is complete. ]

8.11. We conclude this section with Weierstrass M-test for convergent series. Recall that a series
> rey fr(z) converges uniformly if the sequence of partial sums s,(z) = >_}_; fx(z) converges
uniformly. Note here {s,},>1 can be viewed as a sequence of functions. The Weierstrass M-test
is a test for determining whether an infinite series of functions converges uniformly and absolutely.
It applies to series whose terms are bounded functions with real or complex values, and is analogous
to the comparison test for determining the convergence of series of real or complex numbers.

8.12. Theorem (Weierstrass M-Test): Suppose that f, € C°(X) forn > 1 and

S fulloe < M < oc.

n>1

Then the series Y, -, fn converges uniformly to a function s € CI?(X).

Proof. The sequence involves is the set of partial sums s,(z) = > ;_; fr(z). Let € > 0. From the
convergence of < || fn|lco, there is an IV € N so that Y o v [[fallc <. Thus, for N <m <n,

> filw)

k=m-+1

n

< 3 @)l <=

00 k=m+1

lsn — smlloo =

Hence (s,,) is a Cauchy sequence. By the completeness of C4(X), (s,) converges uniformly to a
function s € CE(X). O
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1. COMPACTNESS

Section 1. Compactness

1.1. Recall the Bolzano-Weierstrass Theorem states that every bounded sequence in R”
has convergent subsequence. This will be called sequential compactness. We will introduce a
topological version using open sets and show these two notions coincide.

1.2. Definition: Let (X, d) be a metric space.

e An open cover of A C X is a collection of open sets {Uy : A € A} such that A C (Jycp Ur.
e A subcover is a subset {Uy : A € A’ C A} which is still a cover of A.

e A finite subcover is a subcover such that A’ is a finite set.

1.3. Definition: A set A is compact if every open cover has a finite subcover. A set A
is sequentially compact if every sequence (an)n>1 with all a, € A has a subsequence which
converges to a point in A.

1.4. Proposition: Every compact or sequentially compact subset of a metric space is both closed
and bounded.

Proof. (Unbounded = not compact): Suppose A is not bounded in a metric space (X,d). Fix a
point ap € A and consider the set of open balls around ag, {by(ag) : n > 1}. Every point of A
belongs to |J,,~ bn(ag) since any x € X has d(ag,z) < co. However, since A is unbounded, there
is no finite n so that b, (ag) contains A, i.e., there is no finite subcover.

(Unbounded = not sequentially compact): Choose a sequence {an}n>1 in A so that d(a,,ap) > n.
This sequence has no convergent subsequence because if n; < ng < n3 < --- and lim;_, ap, = b,
then we arrive at a contradiction: d(ag,b) = lim;_,« d(ag, an,) = oo.

(Not closed = not sequentially compact): Now suppose that A is not closed, so that ag € A\ A.
Then bl/n(ao)ﬂA # &, so we may choose {ay, }r>1 in A with d(a,,b) < 1/n. Clearly lim; o a, = ag
and this holds for any subsequence. So no subsequence of {a,}n>1 has a limit in A and A is not
sequentially compact.

(Not closed = not compact): Let U, := {z € X : d(z,b) > 1}. Then Uns1Un = X\ {b} D A
However as noted in the previous paragraph, no single U,, can contain A and thus there is no finite
subcover. It follows that A is not compact. O

1.5. Remark: The converse is false! Consider an infinite set X with the discrete metric. Then
X is closed and bounded, because all subsets of X are both open and closed and X has diameter
1. However, X is not compact or sequentially compact. The open cover consisting of all singletons
{z} for x € X is an infinite open cover of X, and there is no proper subcover, so X is not compact.
Now consider (z,,)n>1 where z, # zp, if m < n. This has no convergent subsequence because the
only convergent ones are eventually constant. So the only compact subsets of X are the finite ones.
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1. COMPACTNESS

1.6. Example: Compact sets.

e Finite sets are compact and sequentially compact. Let A be a finite set. A finite subcover
exists for any open cover of A because |A| is finite. Every sequence in A would have a
constant, hence convergent, subsequence.

e Every closed and bounded subset of R™ is compact and sequentially compact.

— Compact: Heine-Borel, see later.
— Sequentially compact: generalize Bolzano-Weierstrass to R"™.

1.7. Proposition: If (X,d) and (Y, p) are compact metric spaces, then X XY is also compact.

Proof. Define a metric D on X xY by D((z1,y1), (x2,y2)) = max{d(x1,z2), p(y1,y2)}. By Borel-
Lebesgue (next section), it suffices to show that X X Y is sequentially compact. Let (z,,y,) for
n > 1 be a sequence in the product space X x Y. Since X is compact, there exists a subsequence
Zp, so that lim;_ oz, = xo exists. Now consider the sequence (yp,)i>1. Since Y is compact, there
exists a subsequence Yni,; SO that limj_oo Yni; = Yo exists. Since (a:m]) is a subsequence of (z,),
we still have lim;_,oc x, = xo. Hence, limj_oo(zn, ,yn, ) = (z0,y0) is a convergent subsequence.
It follows that X x Y is sequentially compact and thus cjompact. ]

1.8. Remark: Some more intuition about compactness. Source: Stackexchange, Tao’s Notes.

o Compactness can be viewed as the topological generalization of finiteness. Finiteness is
important because it allows us to construct things “by hand” and obtain useful constructive
results. Finite objects are also the well-behaved ones. Compact spaces behave like finite sets
for important topological properties and allow us to prove interesting results about them.

o Compactness does for continuous functions what finiteness does for arbitrary functions:

— The following statements hold when X is finite but fails when X is infinite:

* All functions are bounded.
* All functions attain a maximum.
* All sequences have constant subsequences.
* All covers have finite subcovers.
— The following statements hold when X is compact but fails when X is not:
* All continuous functions are bounded.
All continuous functions attain a maximum.
All sequences have convergent subsequences.
All open covers have finite subcovers.

* % ¥

e Moreover, compactness behaves greatly when using topological operations.

— Compactness gets carried on by continuous functions over topological spaces.
— An arbitrary product of compact sets is compact in the product topology.
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2. BOREL-LEBESGUE THEOREM

Section 2. Borel-Lebesgue Theorem

2.1. In this section, we give two more definitions and prove the main result about compact
metric spaces.

2.2. Definition: Let (X,d) be a metric space. A collection F := {F) : A € A} of subsets
of X has the finite intersection property (FIP) if every finite subset A’ C A has non-empty
intersection (ycp/ Fi\ # 2.

2.3. Definition: A set A is totally bounded if for all € > 0, there is a finite subset FF C X
so that A C |J,cpbe(2). A finite set F' = {z1,...,2,} such that A C |J,.p b-(2) is called a e-net
for A.

2.4. Intuition: In words, a set is totally bounded if it can be covered by a finite number of open
balls whose radii are at most €. The set containing the centers of these balls is called an e-net.

2.5. Theorem (Borel-Lebesgue): Let (X,d) be a metric space. TFAE:

(1). X is compact.

(2). If F :={Fx: X € A} is a collection of closed sets with FIP, then (\ycp Fx is non-empty.
(8). X is sequentially compact.

(4). X is complete and totally bounded.

2.6. Remark: Let us rephrase the second statement. Recall a set is compact if every cover of
X has a finite subcover. The second statement can be viewed as the complement to this, which
says that given a family of close sets such that every finite subfamily has non-empty intersection,
then the intersection of the whole family was non-empty.

Proof. (1 = 2): Let F := {F) : A € A} be a collection of closed sets with FIP. Define open sets
Uy = F¥. If (F = Nyea F) is empty, then

o= (ﬂ F,\>C:X.

AEA AEA

Then U = {Uy : A € A} is an open cover of X. By compactness, there is a finite subcover
UAl,...,UAn for X. Then

m F>\i = (U U)\l.> = .
=1 =1

This contradicts FIP. Hence we must have (| F # &. [ |
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2. BOREL-LEBESGUE THEOREM

(2 = 3): Let (zp)n>1 be a sequence in X. Define non-empty closed sets
Fn = m
for n > 1. Note that F,, D Fy,;1." Hence F := {F, : n > 1} has FIP because
Foy 0N Fyy = Fraxng,.ng )
is non-empty. By Statement 2, ﬂnZI F, # @, say xg is in the intersection. Then
by (wo) N Fr # @

for all r > 0 and n > 1. Now suppose that we have chosen ny,...,n; so that
1
d(wn;, T0) < =
J
for 1 < j < k. Then
b 1 (x()) N Fnk+1 #+ O.

k+1
Pick ng41 > ng so that

1
ATy m0) < P

This recursively selects a subsequence such that lim,_,oc p, = xo.2 It follows that X is sequentially
compact. [

(3=4): Let (x,)n>1 be a Cauchy sequence in X. By sequential compactness, there is a subsequence
(2, )i>1 such that lim; oz, = xo exists. By the Cauchy property, the whole sequence converges
to xg. Indeed, let € > 0 be given. Select I € N so that

i>1 = d(zp,,z0) <

| ™

Use the Cauchy property to find N so that
m,n >N = d(z,,Tm) < %

Pick some ¢ > I so that n; > N. Then
d(zp, x0) < d(xn, Tn,) + d(xp,, x0) <

It follows that lim, .. z, = zg. So X is complete.

Suppose for a contradiction that X were not totally bounded. Then for some € > 0, X cannot be
covered by finite-many e-balls. We claim that we can then select points z,, in X recursively so that
d(xm, xy) > € for all m # n. Suppose that x1, ...,z have been selected. Since X\Uf:1 be(x;) # @,
pick x4 in this set. Then (z,)n>1 has no convergent subsequences. This contradicts the sequen-
tial compactness of X. It follows that X is complete and totally bounded. |

lFl = {x17:c27:c3, .. .}, F2 = {{EQ,.’E3, .. .}7 etc.

*Suppose k = 3. Then Tn,, Tn,, Tn, satisfies d(zn,,0) < 1, d(Tny,z0) < 1/2, and d(n,, ) < 1/3. For the next
element, we just need to pick the index n4 > ng such that d(zn,,zo) < 1/4. This eventually gives us a subsequence
that converges to xo.
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2. BOREL-LEBESGUE THEOREM

(4 = 1): Suppose that Statement 4 hold but Statement 1 fails, i.e., there exists an open cover

U = {Uy : A € A} of X with no finite subcover. Use total boundedness with ¢ = 1/k to select

a:'f, el x,’jk to be a finite 1/k-net for X. We will choose a sequence y, = xfk so that

has no finite subcover. Suppose that y1, ..., y; has this property. Consider the sets

X]m =X N b#($l~g+1)
F+1

2

for 1 < ¢ < nggq. If they each had a finite subcover, their union would have a finite subcover. But

Tk4+1 Tk+1 Tk+1

k+1 k;-‘rl —
HX;“—HXkﬂb+(a: XmUb (zFh) = X, N X = X,

has no such cover. Therefore for some i1, Xg .., =@ Xjy1 has no finite subcover. Set yk+1 =

xktl Observe the sequence (yj)r>1 is Cauchy. Indeed, if € > 0, choose an integer N > 2¢~ 1. If

N < m < n, then

X Cba(Ym) Nb1(yn)

1 1
is non-empty, say « € X,,. Hence

1 1 2
dmvnsd m» d 7n<7 *S* .
(Yms yn) < d(Ym, 2) +d(2,yn) < — + = < = <e¢

Since X is complete, there is a limit yg = lim,,_« ¥, in X. Note that

1 1 1
) = o < i (2 +2) = 2

n—oo \ M n

Since U is a cover of X, there is some \g so that yg € U,,. Hence there is an 7 > 0 so that
br(yo) € Uy,- Choose m so large that 1/m < /2. Then z € X, C by yy, (ym) satisfies

2
d(x,y0) < d(@,Ym) + d(Ym>yo) < <

That is, X, C Uy, does have a finite subcover. This contradicts the assumption that ¢/ has no
finite subcover, since that was how the X}’s were constructed. It follows that X is compact. O

2.7. Remark: The definition of compactness depends only on the topology, i.e., the collection
of open sets, not on the metric. Likewise the property about collections of closed sets with FIP
depends only on the closed sets, which are complements of open sets. So this property is also
topological. The same is true for sequential compactness, although that is a bit more subtle. We
need to show that we can define convergence for a sequence using only open sets: a sequence
(Zn)n>1 converges to xg iff for each open set U containing xo, there is an integer N so that x, € U
for all n > N. However, the notions of completeness and total boundedness and metric notions.
The real line R is complete but not totally bounded. The real line is homeomorphic to (0, 1) which
is not complete but is totally bounded. So neither property is preserved by a homeomorphism.
Somehow the two notions are competing and play off of one another in order to jointly characterize
compactness.
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2. BOREL-LEBESGUE THEOREM

2.8. Remark: We have stated our theorem about compactness of the whole space (X, d) for
simplicity. Suppose that A C X. There are two slightly different notions: one is compactness of A
as a subset of X; and the other is the compactness of (A, d), thinking of A as a metric space in its
own right with the induced metric. Fortunately these two notions coincide.
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3. MORE ON COMPACTNESS

Section 3. More on Compactness

3.1. Theorem (Heine-Borel): A subset A CR"™ is compact iff it is closed and bounded.

Proof. 1f A is compact, then Proposition 1.4 shows that A is closed and bounded. Conversely, if A
is closed and bounded, then Bolzano-Weierstrass tells us that A is sequentially compact. It follows
from Borel-Lebesgue that A is compact.

We can also prove this directly. Since R™ is complete, A is complete iff it is closed. If A is bounded
say by R, then the finite grid

k
{x—(xl,...,xn):xie {:keZ,lk\ San}}
pn

is a 1/p-net for A. So A is totally bounded. Conversely, if A is unbounded, then no finite set is a
1-net. Thus A is complete and totally bounded iff it is closed and bounded. Borel-Lebesgue shows
this is equivalent to the compactness of A. O

3.2. Proposition: Let X be a compact metric space. Then a subset Y C X is compact iff Y is
closed.

Proof. If Y is compact, then it is closed by Proposition 1.4. Conversely, suppose that Y is closed.
Let U = {Uy : A € A} be an open cover of Y. Then & U {Y*} is an open cover of X. Since X is
compact, there is a finite subcover, say {U),,...,Uy,,Y“}. Since Y¢ does not help to cover Y, it
follows that {U),,...,Uy,} is a finite subcover of Y and Y is compact. O

3.3. Definition: A subset A is dense in X if X C A. A metric space is separable if it contains
a countable dense subset.

3.4. Intuition (Dense): Informally, a subset A is dense in X if for every point z € X, the
point is either in A or arbitrarily “close” to a member of A, i.e., is a limit point of A. Thus, we can
“approximate” points of X by points in A. In other wrods, A is dense in X if for any point z € X,
any neighbourhood of x contains at least one point from A (i.e., A has non-empty intersection with
every non-empty open subset of X).

3.5. Intuition (Separable): Informally, a metric space is separable if we can “approximate”
it using a countable subset. Compact sets can be ”approximated” with a countable subset. This
is another nice behavior of compact sets and can be added to the previous list.

3.6. Proposition: Compact metric spaces are separable.

Proof. If X is a compact metric space, then it is totally bounded by BL. For e = 1/n, choose a
finite %—net ... ,x’,};n.i‘ Then {2 : n > 1,1 <4 < k,} is a countable dense subset. ]

Recall this means that the set of open balls {b;/,(z}")}i=; covers the set X.
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3. MORE ON COMPACTNESS

3.7. Example:

e R"™ is separable because the set of vectors with coefficients in Q is countable and dense. Also
C™ is separable because it is equivalent as a metric space to R?".

e The space [, for 1 < p < oo is separable. The subspaces V;, = span{ey,...,e,} are each
separable by (1). Their union is dense in [/, and the countable union of countable sets is
countable, so [, is separable.

e [ is not separable. For each subset E C N, define yg(n) = 1 if n € E and 0 otherwise.
Then || xE — XFllco = 1 means E # F. The power set P(N) of all subsets of N has cardinality
2% and so is not countable. No point can be within 0.5 of two of these elements and hence
a dense subset must be uncountable.

e Let X be a set and d be the discrete metric. Then a subset Y C X is dense iff Y = X. Thus
X is separable iff X is finite or countable. In particular, R with the discrete metric is not
separable.
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4. COMPACTNESS AND CONTINUITY

Section 4. Compactness and Continuity

4.1. These results were covered in MATH-247. Here we generalize them to metric spaces.

4.2. Theorem: Let (X, d) and (Y, p) be metric spaces. Suppose that X is compact and f : X —Y
is continuous. Then f(X) is compact.

Proof. Let V = {Vy : A € A} be an open cover of f(X). By continuity, Uy := f~(V}) are open in
X. Moreover, since V covers f(X), U := {Uy : A € A} covers X. By compactness, X has a finite
subcover, say Uy,,...,U,,. Then

=

Fx) < Jrwa) < U,
i=1

@
Il
—_

ie, {Uy,...,Uy,} is a finite subcover of f(X) and f(X) is compact. O

4.3. Theorem (EVT): If X is a compact metric space and f : X — R is continuous, then f
is bounded and attains extremum values.

Proof. By Theorem 4.2, f(X) is a compact subset of R. Hence it is closed and bounded. So f(X)
contains its (finite) supremum and infimum. These are the maximum and minimum values. O

4.4. Theorem: Let (X, d) and (Y, p) be metric spaces. Suppose that X is compact and f : X —Y
18 continuous. Then f is uniformly continuous.

Proof. Fix ¢ > 0. Since f is continuous at x € X, there is d, > 0 such that f(bs,(z)) C b./2(f(7)).
Observe that {bs, /o(7) : © € X} is an open cover of X. By compactness of X, there is a finite
subcover, say bs, s2(21),...,b5, jo(zn). Let 6 := min{d,,/2: 1 < i < n}. Suppose that z,2" € X
with d(x,z") < §. Then there is some i( so that z € b‘szio /2(2iy). Therefore

1
d(z',zi,) < d(2',x) +d(x,24,) < 6 + 5(55% < bgyy -
So x,x" € bs, ja(wi,). Thus, we see that f(x), f(z') € b.jaf(zi,). Hence
ig

p(F (@), £(2) < plf(@), Flan)) + p(f (@io) S@) < 5+ 5 =,

That is, f is uniformly continuous. O

4.5. Recall that a biLipschitz bijection between metric spaces is a homeomorphism. However
in the previous section, we showed that a continuous (even Lipschitz) bijection of one metric space
onto another need not be a homeomorphism. The following result is a critical example where
compactness is used to deduce that a bijection is a homeomorphism.
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4. COMPACTNESS AND CONTINUITY

4.6. Proposition: Let (X,d) and (Y, p) be metric spaces. Suppose that X is compact and that
f:X =Y is a continuous bijection. Then f is a homeomorphism.

Proof. We want to show that f~! is continuous. Let U be an open subset of X. Set C' = U¢. This
is a closed subset of the compact space X and hence is compact. Therefore, f(C') is compact by
Theorem 4.2. Since f is a bijection, f(U) = f(C)¢ is the complement of a compact, hence closed
set, f(C), so f(U) is open. Again since f is a bijection, (f~!)~%(U) = f(U). This is open and
hence f~! is continuous. It follows that f is a homeomorphism. O
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5. THE CANTOR SET, PART I

Section 5. The Cantor Set, Part I

5.1. Note: The Cantor set C is obtained from the interval [0, 1] by successively removing the
middle third of each segment. The first three terms are

1] 2
=10,-|ul|Z1
cr=log|u o
(17 [217 [2 7], [8
—lo,=|ulZ 2|uls, Slulin
o= oo 5] [55] [5]
e lo LTOTZ Y o2 21018 o209 ]2 7], (8 25] (%6,
ST ar] T l2ro) T l9v2r) T |273) T |3727) |2779) 9727 27

The Cantor set is C' = N,>0Cy. This is an intersection of compact subsets of [0, 1] with FIP so C
is not empty. It is a closed subset of a compact set and hence is compact.

5.2. Theorem: Let (X, d) be any compact metric space. Then there is a continuous map of the
Cantor set onto X.

Proof. Later. O

5.3. Definition: A path is a continuous image of [0, 1]. A Peano curve or space fill curve
is a path in R”, for n > 2, such that the range has interior.

5.4. Theorem: Let X be a compact convex subset of a normed vector space. Then there is a
continuous map of [0, 1] onto X.

Proof. Later. O

There are Peano curves with range equal to the unit square in R?, the unit ball
in R3, and the Hilbert cube.®

“Best defined as the topological product of the intervals [0,1/n] for n =1,2,3,... See Wikipedia.

Proof. Later. O
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6. CompACT SETS IN C'(X)

Section 6. Compact Sets in C'(X)

6.1. Let (X,d) be a compact metric space. Recall C'(X) denotes the space of all continuous
functions on X with the supremum norm. By EVT, every function in C(X) attains its maximum
value, so the supremum norm makes sense without assuming boundedness. We are interested in
compact subsets of C'(X). By Proposition 1.4, a compact subset K C C(X) must be closed and
bounded. However, as illustrated in the examples below, this condition is not sufficient.

6.2. Example: Define K = {f,(x) = z",n > 1} C C]0, 1]. Note that

fa) = tim fu(x) =

0 0<z<«1
1 z=1

Le., fn converges to the discontinuous function x{1}. Any subsequence will also converge pointwise
to this function. Hence, no subsequence converges uniformly to a continuous limit. It follows that
K is closed, and clearly K is bounded. However, this also shows that K is not compact, again
because no subsequence of (fy,)n>1 converges uniformly.

6.3. Example: For n > 2, define

1 x =

gn(z) =0 xzov%—i—lvﬁvl

piecewise linear in between

Then [|gm — gnllooc = 1 when m # n. Thus, K = {g,, : n > 2} has the discrete metric. In particular,
it is closed and bounded but not compact.

6.4. Intuition: Equicontinuity is a concept which extends the notion of point-wise/uniform
continuity from a single function to a collection of functions. Let F be a set of functions.

e For continuity, § may depend on f,e, and xg.
e For uniform continuity, 6 may depend on f and e.
e For point-wise equicontinuity, § may depend on € and xg.

e For uniform equicontinuity, 6 may depend only on &.

Intuitively, a family of functions is equicontinuous if all the functions are continuous and they have
“equal” variation over a given neighbourhood.

6.5. Definition: A subseteq F C C'(X) is equicontinuous at z € X if
Ve>0: 36>0: VfeF: di@',z)<é = |f(2) - f(z)] <e.

Say that F C C(X) is equicontinuous if it is equicontinuous at every x € X. Say that F is
uniformly equicontinuous if § does not depend on z.
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6. CompACT SETS IN C'(X)

6.6. Using the intuition from separable metric spaces, a compact set of functions K C C'(X) can
be “approximated” by a countable set of functions in C(X). Each of them is uniformly continuous
(continuity + compactness), so we can find a § that works for each of them. Taking the minimum
among all §’s, we obtain a § that works for the entire set K.

6.7. Lemma: Let (X,d) be a compact metric space. If K C C(X) is compact, then K is
uniformly equicontinuous.

Proof. Let € > 0 be given. Since K is compact, it has a finite §-net, say f1,..., fn. Each f; is
continuous on X, and hence is uniformly continuous by Theorem 4.4. Therefore there is a §; > 0
so that d(z1,z2) < 0; implies that |f(z1) — f(x2)| < /3. Define 6 = min{di,...,d,}. Suppose that
d(x1,x2) < 6 and f € F. Select ¢ so that ||f — fi|lcoc < /3. Then

F(@) = fla)| < @) = filan)| + filo) = filwa)| + |fi(ez) = fa2)]
<IF = filloo + 5 +11fi = Fllc

<sti4i=c
3 3 3 7

It follows that K is uniformly equicontinuous. ]

6.8. As in Theorem 4.4, compactness “boosts” equicontinuity to uniformly equicontinuity.

6.9. Lemma: Let (X,d) be a compact metric space. Suppose that F C C(X) is equicontinuous.
Then F is uniformly equicontinuous.

Proof. Let € > 0 be given. For each x € X, there is a §, > 0 so that if d(a’,z) < &, then
|f(2') — f(z)| < e/2 for all f € F. The collection {bs, /o(x) : * € X} is an open cover of X. By
compactness of X, there is a finite subcover, say bs, /2(z;) for 1 <4 < n. Define

§ :=min{d,,/2:1<i<n}.
Suppose that y1,y2 € X with d(y1,y2) < d. Select i so that d(y1,x;) < %5%.. Then
1
d(y2, z;) < d(y2,y1) +d(y1, z;) <0+ 55% < Oy,
Then if f € F,
e €
If(y1) = f(y2)| < |f(y1) — fz)| + [f(xi) — fy2)] < st =¢

It follows that F is uniformly equicontinuous. O

6.10. The Arzela-Ascoli theorem is a fundamental result of mathematical analysis giving
necessary and sufficient conditions to decide whether every sequence of a given family of real-
valued continuous functions defined on a closed and bounded interval has a uniformly convergent
subsequence. The main condition is the equicontinuity of the family of functions.
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6. CompACT SETS IN C'(X)

6.11. Theorem (Arzela-Ascoli): Let (X,d) be a compact metric space. A subset K C C(X)
1s compact iff it is closed, bounded, and equicontinuous.

Proof. If K is compact, then it is closed and bounded by Proposition 1.4 and uniformly equicon-
tinuous by Lemma 6.7. Conversely, suppose that K is closed, bounded, and equicontinuous. Now
C(X) is complete by Theorem 8.10. Since K is closed, it is also complete by Proposition 6.7. We
will show that K is totally bounded, which implies K is compact by BL.

Fix an € > 0. By Lemma 6.9, K is uniformly equicontinuous, so there is a § > 0 so that

Vf e K, Vri,xz0 € X : d(a;l,wg) <6 = |f(331) — f(wg)‘ < Z

Since X is compact, it has a finite é-net, say {z1,...,z,}. Define a linear map T by
T:C0X) = (EF" | lloo)
[ (f@1),. .0 fzn).

Note that ||7f||cc = max{|f(z;)|:1 < i <n} <|f|loc- Therefore, TK is bounded in F". Hence
TK is compact and so TK is totally bounded. Therefore it has a finite gnet, say Tfr,....,Tfm
for f; € K.

We claim that fi,..., fp, is an e-net for K. Let f € K. Select j so that ||[Tf — T fj|lcc < /4. If
y € X, pick i so that d(y,z;) < d. Then

1F () = i <) = [l + [ f (@) = fi (@)l + | fi(zi) = f3 ()]

I
44 4 47
Therefore || f — fjllo < €. It follows that K is totally bounded and thus compact. O
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7. CONNECTEDNESS

Section 7. Connectedness

7.1. The notion of connectedness is introduced to generalize the ideas underlying the IVT. Most
results were covered in MATH-247. Here we generalize them to metric spaces.

7.2. Definition: A subset A of a metric space is disconnected if there are disjoint open sets
such U,V such that A C (UUV) and ANU # @ # ANV. A subset A of a metric space is
connected if it is not disconnected, i.e., if U, V are disjoint open sets such that A C (U U V),
then either AC U or A C V.

7.3. Remark: If X is a metric space which is not connected, then X is the union of non-empty
disjoint open sets U and V. Thus V = U¥¢ is closed. Therefore U and V are clopen sets in X.

7.4. Lemma: [a,b] C R is connected.

Proof. Omitted. O

7.5. Theorem: If A is connected and f: A —'Y is continuous, then f(A) is connected.

Proof. Suppose that U,V are disjoint open subsets of Y such that f(A) C (UUV) and f(A)NU #
@ # f(A)NV. By continuity, f~1(U) and f~}(V) are open in A and they are disjoint. Also
AC Y O)UfF Y (V)and ANf~YU) # @ # Anf~1(V), so A is disconnected. Contradiction. [J

7.6. Theorem (IVT): If X is a connected metric space and f : X — R is continuous, then
f(X) is an interval (possibly infinite).

Proof. By Theorem 7.5, f(X) C R is connected. Define
a:=inf f(X) e RU{—o0}, b:=supf(X)ecRU{oo}.
If a < ¢ < b, we have ¢ € f(X), for otherwise
F(X) = (F(X) N (=00,¢)) U (F(X) N (¢, 00))
and both of these intersections must be non-empty. This shows that f(X) is disconnected. There-

fore (a,b) C f(X) C [a,b] and f(X) is an interval. O

7.7. Lemma: If X CY are connected sets for X\ € A and the intersections of {X : A € A} is
non-empty, then X := Jycp X is connected.

Proof. Suppose that U and V' are disjoint open sets and X C U UV. Let zg € [ cp Xa. WLOG,
assume xg € U. Since X is connected, X, C U. Since this holds for all X, we have X C U and
X is connected. O
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7. CONNECTEDNESS

7.8. Lemma: If A C X is connected, then the closure A is connected.

Proof. Suppose that U and V are disjoint sets and A C UUV. Then A C UUV/, so by connectedness
it is contained in one of them, say ACU. Then ACU c Ve, the last relation hﬁolds because V¢ is
closed and contains U. Then ANV = &, which implies A C U. It follows that A is connected. [

7.9. Definition: If o € X, then the connected component of z( is the largest connected
set containing .

7.10. Proposition: The connected component exists and is a closed set.

Proof. The connected component exists, since the union of all connected sets containing zq is
connected by Lemma 7.7. This clearly contains all others, so it is the largest. Moreover, this
connected component is closed by Lemma 7.8. 0

7.11. An easy way to show that a set X is connected is to construct a path between any two
points in X. Let us formalize this idea.

7.12. Definition: X is path connected if for every x,y € X, there is a path from x to y in
X, i.e., there is a continuous function f : [0,1] — X such that f(0) =z and f(1) = y.

7.13. Proposition: Path connected sets are connected.

Proof. Fix xg € X. For each y € X, find a continuous map f : [0,1] — X such that f(0) = zo and
f(1) =y. Since [0,1] is connected and f is continuous, f([0,1]) is connected. Therefore y belongs
to the connected component of zg and X is connected. ]

7.14. However, connectedness does not imply path-connectedness.

7.15. Example: Consider the function define below, known as the topologist’s sine curve:
0 <0
flz) =1 .
sin(1/x) x>0

Let X = G(f) = {(z, f(x)) : © € R} be the graph of f. Then X = X U L where L = {0} x [-1,1],
the y-axis from y = —1 to y = 1. We show that both X and X are connected but not path
connected.
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7. CONNECTEDNESS

Suppose that X C U UV where U and V are disjoint open sets. One of them, say U, contains
(0,0). Then the connected component contains the left xz-axis (—oo,0] x {0}. It also contains a
neighbourhood about (0,0), and so contains (-=-,0) for large n. The curve {(z,sin(1/z)) : = > 0}
is path connected and hence connected, so it is contained in U. Therefore X is connected and X

is connected.

Now we show that neither X nor X is path connected. In fact there is no path from (0,0) to (1/7,0)
in X, which establishes both claims. Suppose g : [0,1] — X is continuous such that g(0) = (0,0)
and ¢g(1) = (1/7,0). Let ¢ = sup{t : g(t) € L}, say g(c) = (0,y). By continuity, there is a 6; > 0
so that

1
t<eta = lglt) - 0.9)] < o
Let t1 = ¢+ 61/2 and g(t1) = (x1,sin(1/x1)). Now find d2 so that

T
t<ctd = llg(t) = (0,9l < 5

Let ta = ¢+ 02/2 and g¢(t2) = (x2,sin(1/x2)). Since g([t2,t1]) is connected, it must contain
{(z,sin(1/x)) : zo <z < x1}. Now 21 < 1/27 and z2 < x1/2, so that

1 1 1
— = — > — > 27

T2 X1 I

Thus, the function f(z) takes all values in [—1, 1] on this interval, but not all of these values are
within 5= of y, contradicting continuity of g.
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8. THE CANTOR SET, PART II
Section 8. The Cantor Set, Part II

8.1. Definition: X is totally disconnected if every connected component is a singleton.
8.2. Definition: A set is perfect if it is closed with no isolated points.

8.3. Lemma: Let (X,d) be a compact, totally disconnected metric space, and let € > 0. Then
X has a finite cover consisting of disjoint non-empty clopen sets of diameter at most €. If X is
perfect, then the cardinality of this partition can be increased to any large (however finite) number.

Proof. Later. O

8.4. Theorem: If X is a non-empty compact metric space which is totally disconnected and
perfect, then X is homeomorphic to the Cantor set.

Proof. Later. ]
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1. NOWHERE DENSE SETS

Section 1. Nowhere Dense Sets

1.1. Motivation: Recall A is dense in X if X C A, or equivalently, if ANU # @ for every non-
empty open set U C X. The opposite of this notion, “not-dense”, says there is a non-empty open
set U which is disjoint from A. However, a “not-dense” set can still be “somewhere dense”. For ex-
ample, A = (—oo0, —1)U(1, +00) is not dense (as it is disjoint from the non-empty open set (—1,1))
but every non-empty open set which is not a subset of (—1, 1) has a non-empty intersection with A.

Let us try to strengthen the “not-dense” condition to obtain a notion describing the condition “the
set is nowhere dense”. A first attempt would be “the set has empty intersection with every non-
empty open set”. Unfortunately, this is not very helpful as the only set satisfying this condition is
the empty set.

Now we explore something in between the “not-dense” and the “empty” condition above. We
would like to say that A has empty intersection with “lots” of open sets. One option is to say that
while A may have non-empty intersection with some non-empty open set U, we can shrink U to
another non-empty open subset V' which is disjoint from A. This happens to be equivalent to the
definition given below (see alternative definition 2 below).

Equivalently, a set is nowhere dense in X iff it is not dense in any non-empty open subset of X
(see alternative definition 1 below). Indeed, if A C X is dense in U C X with U non-empty and
open, i.e., U C A, then U is in the interior of A, A is not empty, and thus A is not nowhere dense.

If A is nowhere dense, then (A)€ is a dense open set (see alternative definition 3). Thus intuitively
A is small and its complement is pervasive within X.

1.2. Definition: A subset A of a metric space X is nowhere dense if the interior of its closure
A is the empty set.

1.3. Remark: Here’s the summary of alternative definitions. A subset A of X is nowhere
dense if,

(1). for every non-empty open subset U C X, the intersection U N A is not dense in U;
(2). for every non-empty open subset U C X, the interior of U \ A is not empty;

(3). the complement of the closure of A is dense, or A¢ contains a dense open subset.

1.4. Example: The closure of Z is Z. Thus, int(Z) = @ and it is nowhere dense in R. Using
alternative definition 1, given z € Z, there does not exist any open set U such that p € U C Z,
because Z C Q and Q is dense in R. Thus, U N R contains some element of R. Z is nowhere dense
because every open subset around an integer contains a real number not in Z.

1.5. Some direct consequences are given below.
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1. NOWHERE DENSE SETS

1.6. Proposition: Let X be a metric space. Then

(1). Any subset of a nowhere dense set is nowhere dense.
(2). The union of finitely many nowhere dense sets is nowhere dense.
(3). The closure of a nowhere dense set is nowhere dense.

(4). If X has no isolated points, then every finite set is nowhere dense.

Proof. The first and third statements are obvious from the definition and the elementary properties
of closure and interior.

For the second statement, it suffices to consider a pair of nowhere dense sets A1 and As, and prove
that their union is nowhere dense. The result then follows from induction. It is also convenient to
pass to complements, and prove that the intersection of the two dense open sets V4 and V5 is dense
and open. It is trivial that V4 N V5 is open, so it remains to show that it is dense. By definition,
a subset is dense iff every non-empty open set intersects it. Fix any non-empty open set U C X.
Then U; = U N Vj is open and non-empty. Similarly, Us = Uy NV = U N (V3 N V3) is open and
non-empty. Since U was chosen arbitrarily, we have proven that V4 N V5 is dense.

For the last statement, it suffices to note that a one-point set {z} is open iff x is an isolated point
of X. The result follows by applying the second statement. O

1.7. Although the union of finitely many nowhere dense sets is nowhere dense, the union of
countably many nowhere dense sets need not be nowhere dense. For instance, in X = R, the
rationals Q are the union of countably nowhere dense sets (the isolated rationals) but Q is dense
in R. This motivates the introduction of a larger class of sets.

1.8. Remark: What does it mean for a set to have an empty interior? Recall x is an interior
point of X if there is some open ball centered at x which is completely contained in X. The
interior of X is the set of all interior points of X. Therefore, X has an empty interior iff for each
x € X, no open ball centered at x is completely contained in X, i.e., any open ball bs(x) around x
contains some point y not in X. We will use this observation repeatedly in the remaining proofs
of this section.
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2. BAIRE CATEGORY THEOREM

Section 2. Baire Category Theorem

2.1. Definition: A subset A C X is first category (or meager) in X if A can be written as a
countable union of nowhere dense sets. The complement of a meager set is called a residual set.
Any set that is not meager is said to be non-meager or of second category.

2.2. Intuition: Intuitively, the meager sets are in some sense “small”’, the residual sets are
in some sense “large” (i.e., their complements are “small”), but the second category sets are not
necessarily “large”; they are merely “not small”.

2.3. Theorem (Baire Category Theorem): A non-empty complete metric space X is not
first category, i.e., X is not a countable union of nowhere dense sets. In particular, if {Ap}n>1 are
nowhere dense subsets of X, then (,5,(An) is dense in X.

Proof. Let x € X and 7 > 0. Our goal is to find a point in b,(z) \ U,;>; An, which shows that
N,>1(A45)¢ is dense in X. Since Ay has no interior, Vi := b, () (A1) is non-empty and open. Thus
there exists 71 € X and 0 < 1, < r /2 so that the closed ball b, (z1) C V4. Proceed recursively. At
stage n, we will have x1,...,7, and 71,...,7, so that r; < r/2¢ and b, (z;) C V; = b,,_,(xi_1) \ A;
for 1 <i <mn. Set V1 = by, (z5) \ Apy1. Since A,41 is nowhere dense, this is a non-empty open
set, so we may find a point x,, 41 and an 7,1 < r/2""! so that b,, +1(Zng1) € Vig1. This completes
the inductive step.

The balls b, (x,) form a decreasing nested sequence of closed sets. We claim that the sequence
(7)n>1 is Cauchy. Indeed, if N < m < n, then x,, %, € b.y(zy) and hence d(zy,, 7y) < 2ry <
21=Np Given e > 0, choose N so that 21~V < ¢. Since X is complete, this sequence has a limit, say
xo = lim, 00 . Hence o belongs to (> by, (z,). (Alternatively, b, () is a decreasing nested
sequence of closed sets with diameter tending to 0, and thus they have non-empty intersection {zo}
by the completeness of X.) Since by, (2,) is disjoint from A, we have 2o € (>, A, . Moreover,

zo € Vi C br(z) so that d(z,z0) < r. Thus, 1,5, A, is dense in X. O

2.4. The BCT is often used using the contrapositive, which can be formulated as follows.

2.5. Corollary: Let X be a complete metric space. Suppose that C,, are closed sets such that
X =U,>1 Cn- Then there is some ng so that Cy, has non-empty interior.

Proof. The proof is immediate. O

2.6. Definition: Let X be a metric space. A Gy set is a subset of X that is the intersection
of countably open set. An F, set is a subset of X that is the union of countably closed sets.
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2. BAIRE CATEGORY THEOREM
2.7. Recall the complement of a closed nowhere dense set is a dense open set.

2.8. Corollary: If X is a complete metric space and U, are dense open sets for n > 1, then
Ny>1 Un is a dense G set.

Proof. Omitted. O
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3. BAIRE ONE FUNCTIONS

Section 3. Baire One Functions

3.1. Motivation: We have seen that the pointwise limit of continuous functions need not be
continuous. Functions which are pointwise limits of continuous functions are called Baire one
functions. We will show that Baire one functions retain some good properties.

3.2. Definition: Let (X,d) be a metric space and F € {R,C}. If f : X — F is a function, the
oscillation of f at x, w¢(x), is defined in two stages:

wp(2,6) = sup{|f(y) — f(2)] : 9,z € bs(@)}  for 6> 0
wy(@) = inf wy(,6).

3.3. Intuition: In words, the oscillation of f at x within a d-neighbourhood is given by the
supremum of the difference between any two points y,z € bs(x). The oscillation of f at z is the
infimum oscillation among all neighbourhoods around z.

3.4. Lemma: Let f: X = F. Then f is continuous at x iff ws(x) = 0.

Proof. Let f be continuous and € > 0. Then we can find § > 0 such that
ly—z| <0 = |f(y) - f(@)] < /2.
Let y, 2 € bs(x). Then |f(y) — f(a)| < /2, |f(z) — f(2)] < £/2, and

1f) = F) < |f(y) = F@)| +1f(z) - f(2)] <e.

Since this holds for any € > 0, wy¢(z,d) = 0 and thus w¢(z) = 0. Conversely, suppose w¢(z) = 0.
Let € > 0. By hypothesis, there is some § > 0 such that ws(xo,0) < ¢, i.e.,

y,z €bs(x) = |f(y) — f(2)] <e.
Let z¢ € bs(x). Taking y = x and z = x, we get
[z — 20| <6 = |f(z) = f(z0)| <€,

which proves that f is continuous at x. O

3.5. Lemma: Let f: X =T ande > 0. Then {z : w¢(x) < e} is open.

Proof. Suppose that wy(x) < e. Then for some 0 > 0, wy(z,d) < e. If d(z,y) = r < 6, then
bs—r(y) C bs(x). Therefore, ws(y,0 —r) < wys(x,d) <e. Hence wy(y) < e. That is,

bs(x) C {x: wp(x) < e},

so this is an open set. O
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3.6. Theorem: Suppose that f; € Cla,b] converge pointwise to a function f. Then f is
continuous on a residual Gg set, i.e., the intersection of countably open set.

Proof. Observe that the points of continuity of f are

o s wylw) = 0) =Ql{x:wf<x> e (gl{x:wfm > ;})
Uy, open An = US, closed

Since U,, = {z : wy(x) < 1/n} is open by Lemma 3.5, the points of continuity form a Gs set. Our
goal is to show that the closed sets A, = {z : wy(z) > 1/n} = US are nowhere dense. Let I be a
(small) open interval [a,b]. We will show that I contains a point with wy(x) < 1/n,so I € A,. As
I is arbitrary, A, has no interior.

Let € < o-. For all i,j > 1, set X;; = {z € I : |fi(z) — f;(z)] < e}. In words, given two func-
tions f;, f; from the sequence that converge pointwise to f, the set X; ; contains the points x € I
such that f;(x) and f;(z) differ by no more than €. By the continuity of f; — f;, these are closed sets.

Define closed sets for n > 1 by E, = (), ;5, Xi ;. In words, z € E, iff [f;(z) — fj(z)| < ¢ for all
1,7 > n. Intuitively, these are the points whose images under functions fj with indices k > n differ
by very little. Since f;(z) converges to f(z), there is some N € N so that |f;(z) — f(z)| < e/2 for
all ¢ > N. Hence, if ¢, > N, we have |fj(z) — fj(z)| < € and thus x € Ey. It follows that

I=UE. =) N{zel:lfi) - fix) <)
n>1 n>114,5>n

Now that I is complete, so Corollary 2.5 shows that there is some ng so that E,, has interior, say
E,, O J where J is an open interval. Then |f;(x) — fn,(z)| < € for all i > ng and = € J. Take the
limit as ¢ — oo, we get f(x) — fn,(x)| < e. Since fy, is uniformly continuous, we can find d9 > 0
so that

[z =yl <do = [fno(y) = fo ()| <&
If x € J, let min{do/2,d(x,J¢)}. Then if y, z € bs, (z) C J, we have d(y, z) < dg, so

W) = FRI<1FW) = fro W+ [fro () = Fro ()] + [ fno(2) = f(2)[ Se+ete=e< %

Therefore, wg(x) < wy(x,d,) < 3e < 1/n for all x € J C I. This shows that A,, has no interior, so
it is nowhere dense. It follows that

U Ap =A{x:wyp(r) >0}

is first category. By BCT, {x : wy(x) = 0} =[,5; 47, is a dense G set. By Lemma 3.4, this is the
set of points of continuity of f. O
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Section 4. Nowhere Differentiable Functions

4.1. Motivation: In this section, we show that most continuous functions on an interval are
not differentiable even at a single point. They are said to be nowhere differentiable.

4.2. Lemma: If f € Cla,b] is differentiable at z, then it is Lipschitz at x.

Proof. Given that

y—r Yy —x
exists, we can find ¢ > 0 so that
0<ly—z|<d = Wf’(x) <1.

In other words, we applied the - definition of limits with € = 1. It follows that
ly—z| <o = |f(y) = f@)] < (f @)+ Dy —=l.
Now for y that are not in (z — d,z + J, we have
ly—a| >0 = |f(y) = f@)] <2[flloo < ClIFllocd™ Dy — .
Hence, f is Lipschitz at = with constant C' = max{|f’(z)| + 1,2 f||cc0 '} O

4.3. Theorem: The set of functions f € Cla,b] which are differentiable at one or more points
is a set of first category. So the set of nowhere differentiable functions on |a,b] is a residual set,
and in particular is dense in Cla,b].

Proof. For k > 1, define
A ={f € Cla,b] : Iz € [a,b] s.t. f is Lipschitz at z with constant k}.

Our goal is to show that Ay is closed and nowhere dense.

First suppose that f, € A and f,, — f uniformly on [a, b]. For each f,, there is a point z,, € [a, b]
so that | f,,(y) — fn(xn)| < kly — xy| for y € [a,b]. The bounded sequence (zy,)n>1 has a convergent
subsequence by BW, say z¢ = lim; ;o 2n,;. Then
() = f@o)l < [F(y) = fri W]+ [fni () = fri(@n,)| + [ fni(@n,) = fri(z0)] + [ fri (z0) — f(20)]
<Nf = frills + Ely = 20, + Elzn, — 20| + || fr; — flloo
= 2||f - fm”oo + k(‘y - xm| + ‘xnz - $0|)

Let i — oo, we get |f(y) — f(xo)| < kly — o, so f € A and Ay is closed.
We now show that Ay has no interior. Take f € Ag and let € > 0 be given. The idea is to first find

a nice (in this case, piecewise linear) function close to f. Then we will add to this function a very
?wild” function to obtain a function that does not have a small local Lipschitz constant anywhere.

47



4. NOWHERE DIFFERENTIABLE FUNCTIONS

Since f is uniformly continuous, there is a § > 0 so that

€

v —yl <6 = |f(2) = fl < .

Choose a finite set of points a = 29 < 1 < -+ < 2, = b so that x;41 —x; < 6 for 0 < i < n.
Define h to the piecewise linear function determined by h(z;) = f(x;) for 1 < i < n. Then if

r; < x < Xijt+1, we have

() = f(@)] < [h(x) = hzi)| + |h(wi) = ()| + [ f (i) = f(2)]

< |h(@i1) = h(@)] +0+ 5
= |f(@in) = fla)] + 5 < 5.

Thus, |h — f|lec < /2. Note the strictly inequality follows from EVT.

Since h is piecewise linear, it is Lipschitz with constant L equal to the maximum absolute value of
the slpe on each segment. Let M > 4we~!(L + k) and define

g:h—l—gsinM:r.

The small function §sin Mz has a big derivative at many points (recall (sin M) = M cos Mx),
and this will ensure that ¢ is not in A;. Note that

9 . 9
lg = Fllo < llg = blloo + 11 = flloe < Sl sin Ml + 5 <.

For any x € [a,b], we will show that ¢ is not k-Lipschitz at xo. In any interval of length 27 /M,
the function sin Mz takes all values in [—1, 1]. Choose = € [a,b] so that

4+1 sinMxg <0

2
|z — x| < T and sin Mz = )
M —1 sinMuxg > 0.

Then
€, . .
lg(x) — g(x0)| = |h(z) — h(xo) + i(sm Mz — sin M x)

> §| sin Ma — sin Mao| — |h(z) — h(z)|
> % — L|x — x|

5

e — a0l = Ll —
= 227r|1‘ o |z — @0

eM

= (4% —L> |z — zo| > K|z — x0].

Hence g is not Lipschitz at xg with constant k. As xg was arbitrary, g € Aj. Hence Ay has no
interior.

We have shown that each Aj is nowhere dense, so |J,~; Ay is first category. The complement
consists of all functions which are not locally Lipschitz at any point. By Lemma 4.2, this implies
in particular that they are nowhere differentiable. Hence the set of nowhere differentiable functions
is also a residual set. By BCT, the set of nowhere differentiable functions is dense in Cla,b]. O
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4. NOWHERE DIFFERENTIABLE FUNCTIONS

4.4. Note: Weierstrass constructed a whole family of nowhere differentiable functions as sums
of infinite series. Define

Z 2- kcos 10k7rx Z Jr(z rz e R.

k>1 k>1

Since || fello = 27%, the Weierstrass M-test shows that this series converges uniformly to a con-
tinuous function on R. Moreover, each f; is 1-periodic so f has period 1. Thus, we only need to
consider z € [0,1]. Let z = 0.zy2223--- € [0,1]. For each n > 1, let a, = 0.xlzozs- -z, and
b, = an + 107", Notice that 10"a,, is an integer and 10™b,, = 10"a,, + 1, so we have

fn(an) =27" COS(lOnﬂ'an) — 2“(_1)10"an’
fu(bn) = 27 cos(10™7h,,) = 27 (—1)10"an+L,

Therefore, |fn(an) — fu(bn)| = 217" If k > n, 10%a,, and 10*b,, are both even integers, so that
fr(an) = fr(by). If 1 <k <n, MVT shows that

|fu(an) = fu(n)] < | filloo(bn — an) = (27¥10%7)107" = 2755 "x.

Therefore,

|f(an) —

Z flc an - bn))|
k=1

n—1
> ’fn(an) - fn(bn)’ - Z |fk(an) - fk(bn)‘
k=1

n—1
> gl-n _ 9—no Z 5k—n
k=1

T
>2(2-F) > 2
4
It follows that choosing the endpoints y,, € {an, by} judiciously, we can arrange that

|f(yn) = fl2)] > 277

However, |y, — x| < 107". Therefore,
flm) — @) 25
10— 2

This tends to oo, from which we deduce that f is not differentiable at x.
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Section 5. The Contradiction Mapping Principle

5.1. Motivation: A contraction shrinks the distance between points, i.e., if f is a contraction,
then the distance between f(z) and f(y) is smaller than the distance between x and y.

5.2. Definition: Let (X,d) be a metric space. A map T': X — X is a contraction mapping
if it is Lipschitz with a Lipschitz constant ¢ < 1. A fixed point of a map T : X — X is a point
x € X such that Tz = .

5.3. If the underlying metric space is complete, then the sequence (z, f(z), f(f(x)),...) is a
Cauchy sequence and converges. But we also have the equation f"*!(z) = f(f"(x)). Thus, if the
sequence converges to something, say y, then the limit must satisfy y = f(y). In other words, the
limit y is a fixed point of f.

5.4. Theorem (Contraction Mapping Principle): Let (X,d) be a complete metric space
and T : X — X be a contraction mapping with Lipschitz constant ¢ < 1. Then T has a unique
fized point x,.. Moreover, for any xo € X, the sequence x,, := T"x converges to x, and

Y2

d(x(),TJZo).

d(a:n,x*) < Cnd(wOax*) < 1

Proof. Start with any point g € X and define x,,41 = Tx,, for n > 0. Then for n > 1,
d(zpt1,2n) = d(Txn, Trp-1) < cd(Tp, Tn_1)-

By induction, we see that d(xn11,zy) < ¢"d(x1,z9). We claim that (z,),>0 is a Cauchy sequence.
Let N < m < n. Then by the triangle inequality and geometric series sum,

n—1 n—1 N
, , c
d(zp, zm) < Z d(ziy1,x;) < Z c'd(xq, x0) < Z c'd(zq, o) = (1_0> d(z1,x0) .
K(N)

Given € > 0, choose N so large that K(NN) < €. Then d(xy,zn) < € for all N < m < n and the
sequence is Cauchy. Let x, = lim,_,~ ©,, which exists since X is complete. Then

Tx, = lim Tz, = lim z,41 = x4.
n—o0 n—oo

Thus z, is a fixed point for 7. Moreover, d(zy+1,2«) = d(Txp, Txzy) < cd(xy, ). By induction,
we get d(xy,, z,) < "d(zg, z,). From the previous paragraph with N = 0, we get
1
d(zpn,z0) < 17_Cd(x1’x0)‘
Letting n — oo, we get
1

d($*a$0) < :d(ﬂflyfﬁo)-
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5. THE CONTRADICTION MAPPING PRINCIPLE

Hence,

7

A ) < "d(o,.) <

d(Txp, x0).
It remains to show uniqueness of z.. Suppose that y* is a fixed point of T. Then
d(xs,Ys) = d(Txs, Tys) < cd(Ts, Ys).
Since ¢ < 1. this shows that d(z, y«) = 0, i.e., yx = 4. Thus, x, is the unique fixed point. O [

5.5. Example: The condition ¢ < 1 is required to ensure a fixed point. Define S : R — R by
Sz = x + 1. Then this is an isometry with Lipschitz constant ¢ = 1. Clearly it has no fixed point.
As another example, consider T : [1,00) — [1,00) by Tz =z + . Then

Tz —Ty| =

1 1 1
r+——y——|=lz—y[{1-— ) <|z—yl
x y zy

Thus, T shrinks the distance between any two pairs of points. However for =,y very large, this
ratio gets arbitrarily close to 1, so the Lipschitz constant is 1. This map has no fixed point because
Tz > x for all x.

08—

0.6+

04—

02—

5.6. Example: Here is a classic example. Consider the map 7' : R — R by Tz = cosz.
Whatever the starting point zq is, we always have x1 = cos(zg) € [-1,1] and z9 € [cos1,1]. By
MVT, if z,y € [—1, 1], then there is some 0 € (x,y) so that

COST — COSY
r—y
Hence |Tx — Ty| < (sinl)|z — y| is a contraction mapping with ¢ = sin 1 once we restrict 7" to its

range, [—1,1]. By the Contraction Mapping Principle, there is a unique fixed point, which is the
unique solution to the equation cos z, = ., which gives z, ~ 0.7391.

=sinf <sinl.

5.7. A useful extension of the CMP is the following variant.
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5. THE CONTRADICTION MAPPING PRINCIPLE

5.8. Corollary: Let (X,d) be a complete metric space and T : X — X. Suppose that T* is a
contraction mapping for some k € Z+. Then T has a unique fized point x.. Given any xg € X,

Ty = lim T"xzo.
n—oo
Proof. Since T* is a contraction, it has a unique fixed point x,. Observe that
TH(Tx,) = T(TFz,) = ..

Thus Tz, is a fixed point of Tk. By uniqueness, Tx, = x,, so x, is fixed for T. Given xy and
0 < i < k, starting with T?xz, repeated application of T* yields z,. Thus,

lim T+ gy = lim T"%(Tzg) = ..
n—oo n—oo

Therefore, T"xzq converges to x,. Now if y, is any fixed point of 7', then T*y, = y, as well, so the
fixed point for 7" is unique. O

5.9. (Fractals) Suppose that X is a closed subset of R” and T1,..., T, are affine invertible
contraction mappings of X with Lipschitz constants ¢; < 1 for 1 < ¢ < k. Recall an affine map is
a translation of a linear map. Now look for a closed subset A C X such that

A=TAU---UT,A.

Since we are using invertible affine mappings, each T;A is similar to A geometrically. If the T; A
are almost disjoint, say except for a finite number of points, then this self-similarity property will
be more apparent. A will look like the union of k£ smaller copies of A, each of which is a union of
k even smaller copies, etc., Such a figure is called a fractal.

5.10. Theorem: Let (X,d) be a complete metric space and T; : X — X be contraction
mappings with Lipschitz constants ¢; < 1 for i < ¢ < k. Let H(X) denote the space of non-
empty closed bounded subsets of X with the Hausdorff metric. Define T : H(X) — H(X) by
TA=T1AU---UTA. Then T is a contraction mapping with a unique fixed point A, satisfying

A, =TiA,U---UTA,.

Proof. First we show that if A;, B; € H(X) for 1 < i < n, then
dH(Al U---Ud,,BiU---U Bn) < max dH(Az,Bl)
1<i<n

Denote the RHS by . Then A; C (B;), := {z : d(x, B;) <r} and similarly B; C (A;),. Therefore,

LnJ A; C (CJ Bi) )
i=1 i=1 ,

which proves the claim.
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Now let A, B € H(X), then

(T3, T,5) = wax {sup d(Tio, ) sup (T, T2 |
acA beB

< ¢; max {Sup d(a, B),supd(b, A)}
acA beB

= ¢;dy (A, B).
Let c = max{¢; : 1 <i <n}. Then if A, B € H(X), we have
dy(TA, TB) = dy(TiAU - - TyA, TyBU - - - U T}, B)
< max{c;dg(A, B)}
= cdp (A, B).

Therefore T' is a contraction mapping with Lipschitz constant ¢. By CMT, T has a unique fixed
point A,. O
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Section 6. Newton’s Method

6.1. Motivation: Newton’s method is an iterative algorithm for finding zeros (roots) of nice
functions. The idea is to start with an initial guess which is reasonably close to the true root, then
to approximate the function by tangent line using calculus, and finally to compute the x-intercept
of this tangent line with elementary algebra.

6.2. Definition: An algorithm for approximating a solution x, by a sequence (x,,),>0 converges
quadratically if there is a constant C' € R so that

|Znt1 — 24| < Oy — z4|%

6.3. Intuition: Intuitively, converging quadratically means that once you get sufficiently close
to the solution, each iteration essentially doubles the number of significant digits.

6.4. Given a function f € C?[a,b], suppose that there is a point x, such that f(z,) = 0 and
f(x4) # 0. Start with a point zg sufficiently close (later) to z,, take the tangent line through
(zo, f(xp)) and solve for its root, x1. Repeat, generating a sequence of approximations.

The line through (x,, f(z,)) with slope f'(z,) is
y(l’) = f(mn) + f/(wn)@: - xn)'
The solution to y = 0 is x,,4+1 given by

Tnt+l = Tp — f/(l’ )
n

Define the mapping Tz = x — f(x)/f’(x). Observe that Tz, = z, precisely when f(z,) = 0. We
won’t have any problem with the denominator being 0 if we are close to zy because f’ is continuous
and is non-zero at z,. Compute

@ @ @) @)
fo=t FeE P

Note that 7"(x4) = 0, and hence T is very contractive near x.

6.5. Theorem (Newton’s Method): Suppose that f € C? and there is a point z. such that
f(zs) =0 and f'(x.) # 0. Then there is an r > 0 so that

@)
F(@)

is a contraction mapping on I = [z, — r,x, + r|. Moreover, there is a constant M so that

Ter ==z

|Znt1 — 4| < M|z, — ;1:*|2.
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Proof. Based on the calculation preceding the proof, we can choose r > 0 so that
1
T'z| < =
2

on some interval I = [z, — 7,2, + r|. This implies that f/'(z) # 0 on I. By MVT, if 2,y € I, there
is a point £ € (z,y) so that

1
[Tz =Tyl = ()@ - y)l < 5lz -yl
Thus, T is a contraction mapping with Lipschitz constant 1/2. In particular, for z € I,
1
Tz — xy| = |Tax — Tay| < i\m — Ty

SoTxz € I and TI C I. The Contraction Mapping Principle shows that x,, = T"xy converges to
x, and satisfies |z, — x| < 27"|xg — x«|. This is good, but still not quadratic convergence yet.

Let A = sup,¢; |f"(x)] and B = inf ¢ |f'(z)|. Let us apply the MVT twice. First, there is a point
€ € (x4, xy) so that

p(g = fed = 1tze)

So f(zn) = f'(§)(xn — x) because f(z,) = 0. Therefore,

Tna1 = Tx = (Tn = T4) + (Tng1 — Tn)
_ fl@)  fla)
f(€) f'(zn)
_ flan)(f'(zn) = F1(€))
JHE)f (@n)
_ (@0 —z)(f(zn) — [1€))
f'(xn) .
Now apply the MVT a second time to find ¢ € (§,x,) so that

_ fa) — F1©)

fl/ g R et (VA S Vi
(©) p—
Plugging this back in yields
(T — @) (@ = ) f"(C) A 2
|Tpt1 — 24| = ) < E\xn — x.|”.
This is quadratic convergence with M = A/B. O
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Section 7. Metric Completion

7.1. Motivation: In this section, we will show that every metric space sits inside a unique
smallest complete metric space.

7.2. Definition: If (X,d) is a metric space, a completion of X is a complete metric space
(Y, p) together with a map J : X — Y which is isometric, ie., p(Jz1, Jr2) = d(21,72) for all
x1,x2 € X, and has dense range, i.e., JX =Y.

7.3. Theorem: FEvery metric space has a completion.

Proof. Let C := {(xy)n>1 : Cauchy sequences in X'} be the set of all Cauchy sequences in X. Take
two sequences (zy,)n>1 and (yn)n>1 from C. By the triangle inequality,

= ‘d(mm yn) - d(mma ym)’ < d(xmxm) + d(ymym)

Note RHS is small if m,n are big enough, so (d(zn,yn))n>1 is a Cauchy sequence and the limit
exists in R. Therefore we may define a function R : C x C — [0,00) by

R(($n)n21> (yn)nzl) = nh_{glo d(Tn, Yn)-

Intuitively, R measures the distance between the limits of sequences (xy)p>1 and (yn)n>1. From
now on, let us denote (x,,)n>1 and (yn)n>1 by x and y, where the bold font signifies that these are
sequences, not elements.
Put an equivalence relation (easy check) on C by setting
X~y <= R(x,y)= lim d(x,,yn) =0.
n—oo
Let Y = C/~ denote the set of equivalence classes of C, where the each individual element is denoted

[y] as it represents the equivalence class containing y.

Put a metric on Y by
p([x, [y]) = R(x,y).

We first show this is well-defined, i.e., it is independent of the choice of representatives for the
equivalence classes. Suppose that x’ ~ x and y’ ~y. Then

R(x'.y") = lim d(a},,y,)
< nli_{)ca)o[d(x;l, Tn) + d(@n, Yn) + d(Yn, yy,))

= R(x,y).

Reversing the roles of the two representatives shows the other direction, and thus we get R(x',y’) =
R(x,y). It follows that p is well-defined.
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To see this is a metric, clearly p([x], [y]) = 0 iff [x] = [y]. It is also clear that p is symmetric. For
the triangle inequality, let [x], [y], [z] € Y. Then
[

[
P[]

,[z]) = nh_}ngo d(zp, zn)

< lim [d(2n, Yn) + d(Yn, 2n)]

= p([xl; [y]) + o(ly], [2])-

Define J : X — Y by the equivalence class of the constant sequence

Jr = [(z)o] = [(z,z,z,...)].

n=1

In words, given an element = € X (not a sequence!), J first produces a constant sequence ()5,
and then considers the equivalence class containing this sequence in Y. Observe that

p(J.T, Jy) = p((ZE, Ly.. ')7 (y, Y, .. )) = lim d(l‘, y) = d(:v,y)
n—oo

Thus, J is an isometry.
To see that JX is dense, let [y] € Y be an equivalence class of (not necessarily constant) sequence
in Y and € > 0. Since y = (yn)n>1 is Cauchy, choose N so that

m,n >N = d(ym,yn) < €.
Consider yy = Jyy = [(yn)] and notice that

p(lyn],yn) = lim d(yn,yn) <e.
n—oo

Therefore JX is dense.
It remains to show that Y is complete. Let (yx)i>1 be a Cauchy sequence in Y. (It is important to
note that each yy is an equivalence class of sequences (not element)!) For each k, choose xp € X
(an element!) so that p(yx, Jzy) < 27%. This is possible as JX is dense. Construct a sequence

X0 = (zk)r>1 with these elements and consider yy = [x¢]. We claim that lim;_,. yx = yo. Let
e > 0. Since (yg)x>1 is Cauchy, we can find N € N so that

€
N<m<n = p(Ym,yn) < =.

\V)

Make N bigger if necessary so that 27V < ¢/4. Then for N < m < n,
AT, ) = p(JTm, Jxn)
< p(JZp, ym) + p(Yms Yn) + p(Yn, J2n)
€ e € ¢
<24 42T - -+ - =c.
+ 5 + 1 + 5 + 1 €
Thus x¢ is a Cauchy sequence in X and yo = [X¢] is a point in Y. Moreover, if m > N,
p(Ja:m, yO) = nh—>nolo d(ﬂ?m, l'n) <e.
Since € > 0 is arbitrary, this shows that lim,,_,, Jx, = yo. Finally,

k—o0 k—o0

80 limg_y00 Y& = Yo. Thus Y is complete. ]
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7.4. Let us summarize the previous theorem and motivate the next theorem. For any metric
space X, one can construct a complete metric space Y, which contains X as a dense subspace.
It has the following universal property: if Z is any complete metric space and f is any uniformly
continuous function from X to Z, then there exists a unique uniformly continuous function f from
Y to Z that extends f. The space Y is determined up to isometry by this property (among all
complete metric spaces isometrically containing X), and is called the completion of X.

7.5. Theorem (Extension Theorem): Let (X,d) be a metric space with completion (Y, p),
and let (Z,0) be another complete metric space. If f : X — Z is a uniformly continuous function,
then, there is a unique (uniformly) continuous function f : Y — Z such that f(Jz) = f(z) for
x € X (i.e., extends f).

Proof. We first show that if (z,),>1 is a Cauchy sequence in X, then (f(xy))n>1 is a Cauchy
sequence in Z. Let € > 0. By uniform continuity, we can find § > 0 so that

A1) <8 = o(f(@), f2') <<
Since (xy,)n>1 is Cauchy, there is an integer N so that
N<m<n = d@m,zn) <9 = o(f(xm), f(zn)) <e.

Thus, (f(2n))n>1 is Cauchy in Z.

Since Y is a completion of X, each point of Y is a limit of points in JX. So for y € Y, choose a
sequence (Zp)np>1 in X so that y = limy, o0 Jx,. As (Jx,)n>1 converges, it is a Cauchy sequence.
And since J is an isometry, (xy)p>1 is Cauchy in X. By the previous paragraph, define

fly) = lim_ f(zn).

We need to show that f is well-defined. That is, if (x},) is another sequence in X so that
y = lim, o Jz],, we need to show that we assign the same value to f (y). We see that the
sequence (Jxy1,Jx), Jrg, Jxb, . ..) converges to y and thus is Cauchy. So (x1,2),z9,25,...) is a
Cauchy sequence in X. By the first paragraph, (f(z1), f(z}), f(z2), f(2}),...) is Cauchy in Z.
Hence lim,, o f(2},) = lim, 00 f(2y), SO f is well-defined.

Next, since (Jz) converges to Jx, we have f(Jx) = lim,_ye0 f(z) = f(x) for all z € X. Thus f
extends f. It remains to show that f is uniformly continuous. Let € > 0. Again, there is a § > 0
so that

d(z,2') <6 = o(f(x), f(2))) <e.
Let y,y € Y with p(y1,y2) < §. Then there are Cauchy sequences (z,)n,>1 and (z],),>1 so that
y = limy, o Jx, and ¢’ = limy, 00 J2,. So

lim d(xp,z)) = hm p(Jn, Jxh) = p(y1,92) < 6.

n—oo

Hence there is some integer M so that d(zp, ;) < § for n > M. Therefore o(f(xy), f(7,)) < e
Taking limits yields o(f(y), f(/)) < €, so f is uniformly continuous. Finally, f is unique because
it is defined on a dense subset by f(Jz) = f(x), and thus there is at most one way to extend it to
be continuous on Y. O
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7. METRIC COMPLETION

7.6. Corollary: The metric space of (X,d) is unique up to an isometry, in the sense that if
Ji: X = (Y, pi), 1 = 1,2 are two metric completions of X, then there is a unique isometry x of Y1
onto Ys such that Jo = kJy.

Proof. Define kg = Jy : X — Ys. Then kg is an isometry and hence uniformly continuous. By the
Extension Theorem, there is a unique continuous function x : Y7 — Y5 such that xJ; = Jo. If y, 9/ €
Y1, choose sequences (xy,)n>1 and (z),)p,>1 in X so that y = lim, oo J12, and ¢y = lim, o0 J12),.
Then
p2(ky, ky") = lim po(kJi2p, KJ12),)
n—oo
= lim pg(le’n,JQZL‘;I)
n—oo

. H /
= lim d(zy, 27,)

= lim pq(J12n, Jﬂ%) = Pl(yay/)-
n—0o0

Therefore x is an isometry. It takes Y onto a complete subset of Z, and thus it is closed. Also kY
contains the dense set Jo X, therefore x is onto. ]
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1. POLYNOMIAL APPROXIMATION

Section 1. Polynomial Approximation

1.1. Motivation: Given f € C[a,b] and € > 0, find a polynomial p so that

1f = pllc = sup |f(z) —p(z)| <e.
a<z<b

1.2. (First Attempt: Interpolation) Consider the set of points

(b —
xi:a—i—u, 0<1<n.
n

There is a unique polynomial p of degree at most n such that p(z;) = f(z;) for 0 < i < n, obtained
by Lagrange interpolation, described below.

Define

qi(I): H r — X

PR
0<j<ng#i 7

qi(xj) = {1 1=

and observe that

0 i#j.

The desired polynomial is given by

n

pla) =Y f(zi)ai(@).

i=0
For uniqueness of p, suppose p; is another polynomial of degree at most n such that py(x;) = f(z;)
for 0 < i <n. Then r(z) = pi1(x) — p(z) has degree at most n and r(z;) =0 for 0 < i < n. But a
polynomial of degree at most n has n 4+ 1 zeros must be the zero polynomial, so p; = p and we are
done. See CS-370 for more details. However, this doesn’t work. [Runge 1901]

1.3. (Second Attempt: Taylor Polynomials) We do not wish to assume that derivatives
exist. Recall we showed that the set of functions which are not differentiable are a residual set of
Cla,b]. Thus, Taylor polynomials work for certain nice functions, e.g., sinz and e*, but not for
general functions.

1.4. (Weierstrass Approximation) The Weierstrass Approximation Theorem shows that
the continuous real-valued functions on a compact interval can be uniformly approximated by
polynomials. In other words, the polynomials are uniformly dense in C([a, b], R), with respect to
the sup-norm.

1.5. Theorem (Weierstrass): The polynomials are dense in Cla,b|.

61



1. POLYNOMIAL APPROXIMATION

1.6. We will examine Bernstein’s proof of the Weierstrass Approximation Theorem later. Let
us first motivate Bernstein polynomials. By the binomial theorem:

n

l=(@+(1-2)" =Y (Z)ﬂfu — )"k,

k=0

n

Define P, j, := <k:

)xk(l — )" %, Note that P, > 0 on [0,1]. Take its derivative, we get

7,L,k = <Z> (ka* (1 —2)" % + (n — k)z* 1 — 2)"F 1)

- <Z> 2P (1 = 2)" P (k= na).

Notice that

k
r=— = k—-nk=0 = P, .(x)=0.
n )

Therefore, P, ; has a maximum at k/n. Berstein defined a linear map

Byt Cr[0,1] - R[a]
z kszof <:> Po(a)
- kznof <fb> (Z) 2F(1 = z)F,

Since B, f is a linear combination of polynomials of degree n, it follows that it is a polynomial of
degree at most n.

1.7. Definition (Bernstein polynomials): For each n € N, the n-th Bernstein polynomial
of a function f € Cr([0,1]) is defined as

Bu(z, f) = Bu(x) = kf::of (ﬁ) <Z> L

1.8. Lemma: B, is a positive linear map, that is,

o By(sf+tg) =sBnf +1tBng for f,g € Cr[0,1] and s,t € R (linear).
o >0 = B,f >0 (positive).

o f<g = B,f < Bng (monotone).

* [f|<g9 = |Bnf| < Bny.

Proof. Claim 1. See definition of B,.

Claim 2. Each P, ;, > 0, so if f > 0, then B, f is a sum of positive functions.

Claim 3. If f < g,then 0 <g— fand 0 < B,(g — f) = Bpg — By f which implies B, f < By,g.
Claim 4. [f|<g = —g<[<g = —Buyg < Bnf < Byg = |Buf| < Bng. O
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1. POLYNOMIAL APPROXIMATION

1.9. Lemma: We claim that

e B,1=1.
e Byx=u=x.
—1 _ p2 0.2 1
e Bz’ = DT T2y T g | Bp(2?) — 22|00 = R = —
n n |l 4n

2

In other words, B,x? converges uniformly to x> as n — oo.

1.10. Heavy computation, proof omitted. We are now ready for the main proof.

Proof of Theorem, Bernstein. Fix a function f in Cg[0,1] and let ¢ > 0. Since f is uniformly
continuous (continuous on a compact domain), there is a § > 0 such that for x,a € [0, 1],

[z —a| <0 = |f(z) - fla)] <e

Also, if |z —a| > ¢ for x,a € [0, 1], then

1)~ 1) < 20 flle < D00 a2
Making a a constant and x the variable, the previous lemma tells us that
Buf (@)~ f(a)| < eBo1 + Al o —ap2
Plugging in z = a, we get
2 1
Buf(a) ~ f(@)] <<+ Mo L

Now define

n> N(e) = [21;50—‘ ,

we get || Bnf — flloo < 2e. Therefore, B, f converges uniformly to f.

If f is a complex valued continuous function, decompose f = g + ih where g(x) = Ref(x) and
h(z) = Imf(x). Find real polynomials p, and ¢, converging uniformly to g and h, respectively.
Then P, + iq, does the job.

We make a final remark on change of variables. Consider an arbitrary interval [a, b]. Make a linear
change of variables as follows. If f € Cla,b], define ¢g(t) = f(a + (b — a)t) for t € [0,1]. Since
x =a+ (b— a)t, we have

,_T—a
Cb—a’
Find polynomials p,, converging uniformly to g on [0,1]. Let ¢,(z) = pn (CZ — a> . Then g, con-
—a
verges uniformly to g <:£ — a> = f(x) on [a,b] as desired. O
—a
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2. BEST APPROXIMATION

Section 2. Best Approximation

2.1. Motivation: Let P,[a,b] C Cla,b] denote the vector space of polynomials of degree at
most n with the supremum norm ||p||e = sup{|p(z)| : @ < z < b}. Given f € Cfa,b] and € > 0,
find a best approximation of degree n, i.e., a closest polynomial in the subspace P,[a,b] C C|a, b].

2.2. Remark: In general, when finding approximations in an infinite dimensional space like
Cla, b, there need not be a closest point. However P,[a,b] is finite dimensional, so it turns out
that there is a closest one. Also in norms with flat spots on the unit ball, which happens with the
supremum norm, there can sometimes be many closest points. Thus, we also want to know if the
closest point is unique.

2.3. Intuition: Let F be a collection of functions. The distance between a function f and F
is given by the infimum among all distances between f and g € F.

2.4. Definition: The error of approximation for f € C|a,b] is

En(f) = dist(f, Pula,b]) := inf{||f = pllec : degp < n}.

2.5. Proposition: If f € Cla,b] and n > 0, there exists a polynomial p of degree at most n so
that Hf _pHoo = En(f)

Proof. Notice that Py,la,b] is a subspace with dimension n + 1. Thus, the closest polynomial in
Ppla,b] is at least as close as the zero polynomial, which has a distance of || f|lo. Therefore, the
closest polynomial must lie in

Kn = B”fHoo(f) N Pn[a, b]

Since Ca, b] is a normed vector space and Py a, b] is a finite dimensional space, P, |a, b] is complete
and closed in C|[a,b]. Therefore K, is a closed and bounded subset of R™, and thus is compact by
Heine-Borel. Define a function on K, by

D(p) : K, — [0,00)
p=If =l

This function is Lipschitz and thus continuous. By EVT, D attains its minimum value. O

2.6. Theorem (Chesbyshev Approximation Theorem): If f € Cgla,b|, then there is a
unique closest polynomial of degree at most n, i.e.,

dp € Pula,b] : || f —pllp = dist(f, Pnla,b]).

2.7. To prove this theorem, let us first introduce the notion of equioscillation.
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2. BEST APPROXIMATION

2.8. Definition: A function g € Cr[a,b] satisfies equioscillation of degree n if there are
n+ 2 points a < 1 <23 < -+ < Tpto < b so that

9(zi) = (=1)'llglee  or g(zs) = (=1)""lglee for1<i<n+2.

2.9. Lemma: Suppose that f € Crla,b] and p € Pyla,b] such that r = f — p satisfies equioscil-
lation of degree n. Then ||f — pllco = En(f) = dist(f, Pnla, b]).

Proof. Let a <x1 <9 < -+ < Tpyo < bso that
r(z;) = (=1)Yrl]lec  or r(z5) = (=1 |7)lee forl1<i<mn+2.

Suppose that ¢ € Pyla,b] so that f —p — ¢ has smaller norm, i.e.,

1f =1 —=dlloc = lIr = alloc < [|7[[os-
Then

() = q(z:)] = [ £ (=1)"[[7lloo — a(@i)] < [[7]loo-
Therefore
sign(q(z;)) = sign(r(z;)) for 1<i<n+2.

Since r changes sign between x; and z;;1, so does q. By IVT, there are points y; € (x;,z;11) for
1 <i < n+1sothat ¢(y;) = 0. Since ¢ has degree at most n and n+ 1 roots, ¢ = 0. Contradiction.
It follows that p is a closest point. O

2.10. Lemma: Suppose that f € Crla,b] and that p € Pyla,b] satisfies ||f — pllec = En(f).
Then r = f — p satisfies equioscillation of degree n.

Proof. If f is a polynomial of degree at most n, then p = f is clearly the unique closest polynomial.
So we may suppose that r # 0.

Since 7 is uniformly continuous, we can find § > 0 so that
1
2 —yl <0 = |r(z) —r(y)] < lIrlle.

Partition [a,b] into intervals of length less than 6. Let I3,...,I; denote those intervals in this
partition (in order) on which r attains one of the values £||r|» on I; (possibly at an endpoint).
Pick a point z; € I; so that 7(z;) = £||r|e. Set e; = sign(r(z;)) € {£1}. Then [f(y)| > 2|7/l
on [; and in particular does not change sign. We need to show that (e1,¢€2,...,€,) changes sign at
least n + 1 times, for then we have equioscillation of degree n by choosing n 4+ 2 of the x;’s in order
with alternating signs.

If there are at most n sign changes, we will construct a closer element of P,. Group together all
adjacent intervals I; of the same sign into groupings Ji,. .., J; (still in order) where ¢ < n+1. Pick
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2. BEST APPROXIMATION

a point ¢ between Ji and Ji4q for 1 < k < n. Define
t—1
q(z) = H(:U —ci) € Pn.
k=1
Then ¢ changes its sign at each ¢; and in particular has constant sign on each J; and alternates
sign. Multiply ¢ by —1 if necessary so that sign(q) agrees with sign(r) on each Ji. We will show
that subtracting a small multiple of ¢ from r will reduce the norm.

Let L = U§:1Tj and M = [a,b] \ L. Define m = min{|q(z)|: x € L} and sup{|r(z)| : x € M} =
I”|loc — d. Since ¢ only vanishes on the points ¢g, which are not in the compact set L, we have
m > 0. Also d > 0 because M is the union of those closed intervals in our partition on which r
does not attain its norm. Define

d
E =
2[lqlloo

and consider p; = p + €q. Then

If = pilloe = [I7 — £lloc = max {Sup r(z) — eq(x)], sup |r(z) — 661(96)!}
zeLl xeM
< max{|[r|ec — em, [[rflc — d + llqlloo}
= max{[|r|jcc — em, [|7[loc — d/2} < [|7[|oc-
This contradicts p being a closest polynomial and thus there must have been at leaset n + 1 sign
changes, so r satisfies equioscillation of degree n. ]

2.11. We now prove Chebyshev’s approximation theorem.

Proof. By Proposition 2.5, there is a polynomial p € Pla,b] so that ||f — p|lecc = En(f) =: d. For
uniqueness, suppose for a contradiction that ¢ also satisfies || f — ¢|/coc = d. Then

f-p f-q H 1 1
=5t =3lf=plec+5If —dlle=4d,
o ’ 2 2 |l 2
SO % is also a closest polynomial. By Lemma 2.10, r := f — p—gq satisfies equioscillation of degree
n. Let a <z <29 <--- < xpya < bsothat

r(x;) = (—1)id or r(z;) = (—1)i+1d for1 <i<n+2.
Therefore

p (%) + q ()

d=’f(90z‘)— 5

N QL

< 31 () —p (@) + 5 17 (@) — g w)] <
This is an equality, and therefore
f(zi)—p(x;) = f(z) —q(x;) =Fdfor 1 <i<n+2.
Hence (p—q) (z;) =0 for 1 < i < n—+2. Since p — ¢ has degree at most n and has n + 2 roots, this

means that p = ¢g. Hence p is the unique polynomial in P, [a, b] which is closest to f. O
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Section 3. The Stone-Weierstrass Theorem

3.1. Motivation: In this section, we establish a very general approximation result which
explains when an algebra of continuous functions is dense in Cr(X) or C(X).

3.2. Definition: Let (X, d) be a compact metric space.

e A subset Aof C(X) or Cr(X) is an algebra if it is a subspace such that f,g € A = fg € A.
e A subset A of Cr(X) is a vector lattice if it is a subspace such that f,g € A = fVg:=
max{f, g}, f Ag:=min{f, g} € A.

A subset A of C(X) or Cr(X) separates points if for all x # y € X, thereis an f € A
such that f(z) # f(y).

A subset A of C'(X) or Cr(X) vanishes at zg if f(xg) =0 for all f € A.

3.3. Lemma: If A is a subalgebra of Cr(X), then A is a closed subalgebra and a vector lattice.

Proof. 1f fn,gn € A and lim f, = f, limg, = g, then for r,s € R, rf, + sg,, and frg, belong to A
and converge to rf + sg and fg, respectively. Therefore, A is a subspace and an algebra. To show
that it is a lattice, it is enough to show that if f € A, then |f] is also in A. This is because
_f+g+!f—g\ _f+g |f—4

Vg= d fAg=
f92 5 an f92 5

Let f € A. By Weierstrass’s Theorem, there are polynomials p, () which converge uniformly to |¢|
on [—|[flleos [l fllec], say

kn
pa(t) = ait'.
=0
In particular, p,(0) = ag — 0. Hence g, (t) = pa(t) —ag = 3=, a;t’ also converges uniformly to ||
on [=||fllee: 1 fllcc]. Note that

Il = an(®)lloe < [It] = Prlloc + IPn — anlloo
< 2||[t] = pulloo = 0O

Next, g,(f) = f;l a; f* belongs to A. Observe that

an(f(2)) = [ ()]

lgn(f) = 1fllloc = sup
zeX

< sup
1<) oo

= llgn = [t|llc = O

in(®) - ]

Therefore | f| belongs to A and A is a vector lattice. O
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3. THE STONE-WEIERSTRASS THEOREM

3.4. Lemma: Suppose that A is a subalgebra of Cr(X) which separates points and doesn’t
vanish at any x € X. If x # y € X and r,s € R, then there is a function h € A so that h(x) =r

and h(y) = s.

Proof. As A separates points, there is an f € A so that a = f(x) # f(y) = b. At least one of a,b
is non-zero, so we may suppose that b £ 0.

2
[ a a } ‘ = ab?>—ba® = ab(b—a) =: A # 0.

Case 1. a # 0. We look for h in span {f, f2}. Note that b b2

2
Hence the matrix T' = [ Z 22 } is invertible. Hence we can solve the linear system of equations

T T U a 217 [ r L[ ? —a? r bQ;)"b: a2)s
T(u,v)" = (r,s) andget[v]:[b bz] |:S:|:A|:—b a }[s]: B I

ab(b—a)
Therefore if we set h = uf + vf?, we get
h(z) = (uf +vf?) (z) =ua+va® =r and h(y) = (uf +vf?) (y) = ub+ vb* = s.

Case 2. a = 0. Since A does not vanish at x, there is some g € A such that g(z) = ¢ with ¢ # 0.
Let g(y) = d and set

—rd
hz) = a(z)+ =y (z) for ze X,
Then h € A and
r r cs —rd
h(z) = “c+0 = d hy)="_d b=s.
(x) Cc+0 r an (y) . + e s

O

3.5. Theorem (Stone-Weierstrass): Let (X,d) be a compact metric space. Suppose that
A C Cr(X) is an algebra which separates points and does not vanish at any point of X. Then A
is dense in Cr(X).

Proof. By Lemma 3.3, A is a vector lattice. Fix f € Cr(X) and ¢ > 0. Let a € X. For each
x € X \ {a}, use Lemma 3.4 to find h; € A so that hy(a) = f(a) and hy(z) = f(x). Define

Up ={y € X : hy(y) > f(y) =€} = (ha — f) "} (e, 00).

Then U, is open and contains both a and x. Thus, Y = {U, : * # a} is an open cover of X and
there is a finite subcover Uy, ..., U, of U. Define g, = hy, V-V hy, € A with g,(a) = f(a) and

9a(T) > hy(x) > f(x) —e for €Uz, 1<i<n.

Let Vo ={y € X : ga(y) < f(y) + €} = (ga — f) ' (—00,€). This is an open set containing a. Hence
{V,:a € X} is an open cover of X. By compactness, there is a finite subcover V,,,...,V,, . Let
9 =Ga; N+ A ga,,- This belongs to A. Then g(x) > f(z) — ¢ since this is true for every g,. Also

9(x) < go;(x) < f(x) +e for zeV,, 1<j<m.
Hence g < f + e. Consequently, |g(x) — f(x)| < € for all z € X, and therefore ||g — f|| < e. Since
A is closed, it must equal Cr(X). O
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3.6. We now mention some applications of this result.

3.7. Corollary: Let X be a compact subset of R™. Then the algebra of polynomials in the
coordinates x1, ..., Ty is dense in C(X).

Proof. First consider the algebra A of polynomials with real coefficients A = R [x1,...,zy]. Then
A is an algebra, it contains the constant function 1 , so it does not vanish at any point. Also
Z1,...,T, separate points in X. Hence by the Stone-Weierstrass Theorem, 4 = Cg(X).

In the complex case, we can write f = g + ih where g,h € Cgr(X). Since both g, h are uniform
limits of polynomials, f is also a uniform limit of polynomials with complex coefficients. O

3.8. Corollary: Let X,Y be two compact metric spaces. Then

A= {h(x,y) = filx)gily) : fi € C(X),g; € C(Y)}

i=1

is dense in C(X xY).

Proof. First consider the real version Agr which consists of finite sums of products of functions in
Cr(X) and Cr(Y'). This is a real algebra. It contains 1, so does not vanish anywhere. It separates
points, because Cgr(X) separates the X-coordinate and Cr(Y’) separates the Y-coordinate. Thus
the Stone-Weierstrass Theorem shows that Ag = Cr(X x Y). By taking real and imaginary parts,

we obtain the complex version. O
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