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1. DPH DEFINITION AND PROBABILITY MASS FUNCTION

Section 1. DPH Definition and Probability Mass Function

1.1. Note: Let {X,,}n—0,1,.. be a DTMC with state space S = {0,1,..., N}, where

e states 0,1,..., M — 1 are transient,

e states M, M +1,..., N are absorbing.

Then the transition matrix of this DTMC can be expressed as

0---M—1 M---N

0 - _
5 Qnr—1),(M-1) Rv—1y,(v—n)
p_ M-—-1
M
: O(N—n),(M—1) IiN— vy, (N=p)
N L i

The bottom left submatrix is a zero matrix and the bottom right submatrix is identity because
once you’'ve entered an absorbing state, you will stay there forever.

1.2. Note: Define the time until absorption as the first time X travels to an absorbing state:
T :=min{n | M < X,, < N}
Denote the initial distribution as
Ao = (00,0, Q0,15+ -, QO M—1, 0 M, - - - s XN ),

where ap; = Pr(Xo = i) = po(i), i.e., ap; gives the probability that the chain starts at state i.
Note the subvector consists of the first M entries

626 = (040,07 ap1,- -, aO,M—l)

gives us the probability from starting at each transient state. We will see soon that we care about
entries in @ a lot while the other entries (ao ar, ..., @0 n) is not that important.®

“Starting at an absorbing state is quite boring because we will just stay there forever...

1.3. Note: Recall that we were focusing on the expected absorption time 7' (i.e., what is the
expected time stamp such that the chain will enter an absorbing state?) in previous discussions.
We are now interested on the exact distribution of T, i.e., calculating Pr(7T = k) for each k > 1.

Let A, B be the set of transient and absorbing states, respectively. First, the probability that the
chain gets absorbed at time 0 equals the sum of probabilities that it starts in an absorbing state:

N
Pr(T =0)=Pr(Xo € B) = Y _ ap,.
=M



1. DPH DEFINITION AND PROBABILITY MASS FUNCTION

For the chain to be absorbed at time k > 0, the chain must stays in the transient part of the
DTMC in time 0,1,...,k — 1, then visits an absorbing state at time k, i.e.,

Pr(T'=k)=Pr(Xoe A, X1 €A,..., X1 €A, X, €B)

N
= E § Pr(Xo =20, X1 = 21,..., Xg—1 = 31, Xp = 71)
20,21, Tk—1€{0,1,.... M—1} xp=M
N
= E : E , 0,20 Pro,a1 Pryes *+* Pry_y 2y,
20,21, Tk—1€{0,1,.... M—1} xp=M
N
- E : aO,ﬂEopﬁfo,leﬂ?l,m T kafzwkq E : szflvl'k
xo,xl,...,xk,le{O,l,...,Mfl} =M
_. k1>
=:apQ "¢

Line 2: Enumerate all possible state traces for the chain from time 0 to time k.

Line 3: Replace the probabilities with notations.

Line 4: Move the inner summation to the only term that care about xj.
Line 5: We define

N

N
Zl‘k:M PM*L:BIC

To summarize, the pmf of T is given by

N
kj = P Z = ]{; = 22:1% aO’Z
fT( ) I‘( ) { O—C*OQkfl(j* E>0

1.4. Definition: A distribution with a pmf

ayQ* 1y k>0

Yitaaoi k=0

is called a discrete phase-type distribution and is typically denoted as
T ~ DPHu (@, Q),

(k) = Pr(T =) = {

where M is the dimension of the transient space (i.e., the number of transient states), @ is the
transient part of the transition matrix, and &y is the transient part of the initial distribution. ¢

“Intuitively, we only care about the transient part because the absorbing part is really not that interesting.



1. DPH DEFINITION AND PROBABILITY MASS FUNCTION

1.5. Remark: It seems that the value Pr(7 = 0) and the column vector ¢ are missing in the
parameterization. However, they can be derived as follows:

M-1

Pr(T =0)=agu+--+oony=1— Y ag;=1-dj- 1.
i=0

N M—-1 M-1
gi=) Py=1-) Pj=1-> Qj = ¢=(I-Q)-1
=M -0 =0

Thus, & and @ completely determines the distribution DPH (), Q).

1.6. Example: Consider the transition matrix

1 0 0
P=|a g ~
0 0 1

where a+ 3+~ = 1. Given the initial distribution @y, we want to get the distribution of absorption
time to {0,2}. Rearrange the state (by putting the transient state 1 to top), we have

51—5]
o I |

0f = [
1
Let @) = ap1 = p = Pr(Xp = 1), the probability starting in the transient state 1. Then
g0+ ag2 =1—p.
Observe that d) =p, Q@ = 8571, and ¢= (1 — B) (all of these are scalars in this case). Thus,
pBF 11 -58) k=1,2,...
Frlk) = (1—-5)
1—p k=0

This is known as a zero-modified geometric distribution. In particular, if p = 3, this becomes
the geometric distribution Geo(1 — p) = DPH;(p, p), which counts the number of failures until the
first success.



2. DPH CUMULATIVE DISTRIBUTION FUNCTION

Section 2. DPH Cumulative Distribution Function

2.1. Remark: From now on, let us denote the transient part of the initial distribution by &j,
i.e., omitting the “prime” and reassign dy < &. This makes sense because we won’t be using the
absorbing part of the vector anyway.

2.2. Note: Let T'~ DPHp/ (v, Q). For k=0,1,...,
Fr(k)=Pr(T <k)=1-Pr(T > k)

o0

=1- > Pr(T=n)
n=k+1
=1- Z FQ " 'q See remark below.
n=k+1
=1-aQ" (I -Q) ' (I-Q) i=I-Q)-1
=1-aQ" 1

e Line 3: Substitute in Pr(7T = n) found in the previous section.
e Line 4: Define S := Q* + Q' +.... Now

SQ=Q"+Q"?+. .. = §-5Q=51-Q) =Q" = S=QI-Q)"

To summarize, the CDF of DPH is given by | Fr(k) = 1 — Q" - 1.

2.3. Remark: What does this result give us? We focus on this:
Pr(T > k) = @QF - 1.

By definition, Pr(T" > k) is the probability that the absorption hasn’t happened at time k (and
these probabilities are encoded in ¢). The RHS of this essentially counts the total probability of
all possible paths that does not get in absorbing states before time k.

e (O means we start from a transient state.
e Q¥ means we stay in transient states until time k.

e 1 just adds up all these probabilities together at time k.

2.4. Remark: Compare the cdf and the pmf. For k£ > 1,
o fr(k)=Pr(T =k)=aQ"'q.
] FT(]{I) = PI"(T < k‘) = &OQk_l - 1.

Observe that for pmf, we need to make sure that the chain will go from a transient state to an
absorbing state at time k, but we don’t have the such restriction for cdf. It can get absorbed any
time it wants, as long as it is after time k.



2. DPH CUMULATIVE DISTRIBUTION FUNCTION

2.5. Note: Since T is a non-negative integer-valued random variable, we have

e Line 4: Recall from the previous page that
S:=>) Q=Q UI-Q"
i=k
Then
S/QF = Z@ =Y Q=0-Q7"
i=k i=0

Recall that
E%:M Po,a), E[T | Xo = 0]
I-Q ' 1=¢= |Xo-mPra| = |ET[Xo=1]| = ¢

This results agrees with what we got previously using first-step analysis.



3. PROPERTIES OF DPH

Section 3. Properties of DPH

3.1. Motivation: In this section, we will show that the family of DPH is closed under several
operations.

3.2. Proposition: DPH is closed under independent sum.

Proof. Let X ~ DPH,,(a0,S) and Y ~ DPH,, (5, T") with X 1l Y. Define
ss=I-9)-1
t'=(I-T)-1

We wish to show that Z = X +Y is a DPH. By definition, it suffices to show that Z is the absorption
time for some DTMC. Let us construct this DTMC with three parts. The time it takes to go from
left to middle is X, the time it takes to go from middle to right is Y, and thus the total time it
takes to get absorbed is X + Y.

X Y

GRS

absorbing states

Consider the following transition matrix:

X Y Abs
p_ X S 5B Bond
o Y 0 T t

Abs 0 0 1

The three zero entries and the bottom-right identity are straightforward.

— Starting from Y, we should not be able to visit X.
— Starting from Abs, we should stay in Abs.

e [0][0]: S stores the probability of going from left to left. Correspond to @ in the definition.
e [1][1]: T stores the probability of going from middle to middle. Correspond to @ in the defn.
e [1][2]: Correspond to ¢ in the definition.

It remains to justify the top center and top right entries.

° 5’/6_"0: Since 5 € R,,x1 and By € Ryxy, the product is a m x n matrix. This can be thought of
as the transient distribution of X then entering the initial transient distribution of Y.

o fo =1— Z?:_ol Bo,i- This corresponds to the probability distribution of getting into the
absorption state from X right away.

Intuitively, we can think of {Y, Abs} as the absorbing states for X and Abs as the absorbing states
for Y. The transient part of the new Markov Chain Z is

_[s #5y
C_[o T]'



3. PROPERTIES OF DPH

The initial distribution of Z is
v = (a0, ao,m - Po)-
where a € Ry, and aq , - 50 € Ryxy,. Together, they make up a 1 X (m X n) row vector.

We conclude that Z ~ DPH,, 1, (7, C). O

3.3. Proposition: DPH is closed under mixture, i.e., given X ~ DPH,,(dy, S),Y ~ DPHn(,g’o, T),
and X 1LY, define

7 X with prob p
Yy with prob1—p

and the choice between X and Y is independent of their values. Then Z is also a DPH.
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Continuous Time Markov Chain
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3.4. Remark: We will not do any review here. See my STAT-333 notes if you need a review
on DTMCs.
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1. INTRODUCTION TO CTMC

Section 1. Introduction to CTMC

1.1. Motivation: We start with two questions:

e How long does this MC stay in state i?

e When it leaves the current state, how do we decide which state it will enter?

1.2. Note (Answer for 1): Let 7; be the random amount of time that the MC stays in state
i (known as sojourn time). Then T; follows an exponential distribution. The reason is that
Pr(T; >t+s|T;>s)=PrVvw<u<w+t+s: X(u)=i|Vw<u<w+s: X(u) =1)
rtVw+s<u<w+t+s: X(u)=i|Vw<u<w+s: X(u)=1)
rVw+s<u<w+t+s: Xwu)=i| X(w+s)=i;Vw<u<w+s: X(u)=
rVw+s<u<w+t+s: X(u)=i| X(w+s)=1i) Markov

(

=P
=P
=P
—p w) = i)

rVw<u<w+t:X(u) =i|X
= Pr(T; > t)

/\

This is the memoryless property. Hence, T; follows an exponential distribution with parameter V;:
T; ~ Exp(V;).

In particular, each time the process enters a state 7, the amount of time it spends there before
going to another state is exponentially distributed with mean 1/V;; the mean sojourn time is 1/V;.
Observe that the chain will stay longer at a state if V; is small. In particular, if V; = 0, then
Pr(T; > t) = 1 for any t, so T; = oo, i.e., once you enter state ¢, you will never get out; state 7 is
absorbing. In CTMC, saying V; = 0 means state ¢ is absorbing.

1.3. Note (Answer for 2): We claim that the transition probability, once the MC leaves i,
does not depend on the sojourn time 7;. This follows from Markov’s property, which tells us that
the transition probability only depends on the current state. Thus, we can denote the transition
probability that when the MC leaves ¢ and goes to j by P;;, which only depends on ¢ and j. So
how does a CTMC behave? To summarize, a CTMC stays in a state ¢ for an exponential amount
of time T;, then jumps to another state j according to the probability P;;, then stay in j for an
exponential amount of time 77}, before jumping to another state, etc.

1.4. Note: {P;;}; jes is a transition matrix of a DTMC. However, note that we have one extra
condition: P;; = 0. By definition,

Y Pj= > Pij=1 VieSs
Jjes J#i,j€S
The DTMC having {P;;} jes as the transition matrix governs all the change of the states of the

CTMC, but does not record sojourn times. It is called the discrete skeleton or embedded
DTMC of the CTMC.

11



2. KOLMOGOROV BACKWARD AND FORWARD EQUATIONS

Section 2. Kolmogorov Backward and Forward Equations

2.1. Note: We are interested in how the function
Pij(t) =Pr(X(t) = | X(0) =1)
=Pr(X(t+s)=j|X(s)=1)

changes as a function of t.

2.2. Note: Define ¢;; := V;P;;, where V; is the intensity going out of state i and P;; is the
probability of entering j from ¢ # j. Note that

Vi=V; Z Pz’j:ZQij-
JESJF Jti
For h small,
Pii(h) = Pr(X(h) =i | X(0) =)
= Pr(T; > h) + Pr(at least 2 transitions happened between 0 and h, X (h) =i | X(0) = 17)
= Pr(T; > h) + o(h)

= e "+ o(h)
=1—Vih+o(h)+o(h)=1—Vih+o(h)
— lim m = V.

h—0 h

For the other case i # j,
Bij(h) = Pr(X(h) = j | X(0) =)
= P;;(Pr(T; < h) — Pr(at least two transitions)) + o(h)
= Pij(1—e™"" —o(h)) + o(h)
—Pu(Vh—O(h) o(h)) + o(h)

P;;Vih + (h) = qzjh—i-o(h)
: (h)
| = gi;.

— T T

2.3. Remark: We say f(h) is a higher-order infinitesimal of h, denoted f(h) = o(h), if
f(h)

T—>O as h — 0.

The equality follows from A2 that
Pr(T; < h) = Pr(at least 1 transition happened) = V;h + o(h).

2.4. Note: Let P(t) = {P;j(t)}ijes be the transition matrix at time ¢. Then P(0) = I since

12



2. KOLMOGOROV BACKWARD AND FORWARD EQUATIONS

P;;(0) =1 and P;;(0) = 0 for j # i. Combining two equations from above, we have

Vo g1 qo2---
. P(h)—P(0 qo0 Vi q2---
P(0) = iy PO L

h—0 h q20 Q21

This matrix R is called the (infinitesimal) generator of the CTMC. It combines the information
of sojourn times {Vj}ics and transition probabilities {P;;}; jes. In particular, if we write R =
{Rij}i,j657 we have

-V P R
Rij = ! Z j = v; = —R;;, Pij = — Y
gij = ViPij i # ] R

As a remark, the row sum of R are always 0:

Y ViP—Vi=Vi=V;=0.
J#

2.5. Note: CK Equations still hold in continuous time.
Py(t+5) = Pr(X(t+5) = j | X(0) =)

= Pr(X(t+s) =7 | X(t) =k X(0) =14) - Pr(X(t) = k | X(0) =)
keS

= Pr(X(t+s)=j| X(t)=k) -Pr(X(t) =k| X(0) =1)

In matrix notation, P(t 4+ s) = P(t)P(s).

In particular, P(t+h) = P(h)P(t). Subtract P(t) from both sides, P(t+h)—P(t) = (P(h)—1I)P(t),

lim P(t+h)— P(t) ~ lim P(h) — P(0)

hs0 h B0 h . P(t) = P'(t) = P'(0)P(t) = RP(t).

This is called the Kolmogorov Backward Equation.

2.6. Note: Similarly, P(t 4+ h) = P(t)P(h).
P(0)

_ P(t+h)—P(t) . P(h) -
pm h = P(t) Jim h
P'(t) = P(t)- P'(0) = P(t)R

This is called the Kolmogorov Forward Equation. In entry-wise form,

e Backward: Pi’j(t) = pes RinPrj(t) = Zk# Qi Prj(t) — ViPi;(t).
e Forward: Pj;(t) =3 4 .; Pu(t)akj — V;Pij-

13



2. KOLMOGOROV BACKWARD AND FORWARD EQUATIONS

2.7. Remark: Note that we interchanged the order of a limit and a summation in the derivation
above, e.g.,

! _ P(h) — P(0)
lim |- (P(h) —I)P(t)} = [g% — | PO

This can be justified if:

e The state space S is finite. This is clear since we are not dealing with limit of partial sums.

e For backward equation, this is always valid. Check bounded convergence theorem. (The
forward equation holds only if ”explosion” does not happen). In this sense, backward equation
is more reliable and fundamental. However, forward equation is usually easier to solve.

2.8. Note: Now we know that P(t) satisfies the matrix differential equation P'(t) = RP(t)
(backward) with initial condition P(0) = I. If everything were scalar, we should get e‘f as the
solution. Now with everything being matrix, what should we get? We will still get P(t) = e'%,

defined as follows.

X in
4+ = f'R"_
.
n=0

t2R2

e =T+tR+ 5

One can show that the sum above always converges. We now wish to show that such defined e**
is the solution of the matrix differential equation P’(t) = RP(t).

2.9. (Cont’d):

Also,

t=0

Thus, P(t) = ' solves the backward equation. Similarly, we can show that P(t) = e'® solves the
forward equation.

14



2. KOLMOGOROV BACKWARD AND FORWARD EQUATIONS

2.10. (Cont’d): But how can we calculate this infinite matrix series? In general, P(t) = e'® is
not easy to calculate. In particular, this is not an entry-wise computation:

etRoo etR(n
tR10 tR11
etR 75 e e

However, if the matrix R is diagonalizable, that is, there exists an invertible matrix B such that
R = BDB™! with D = diag(dy, ds, .. .), then

o n
etR — jRn
= n!
(@) t"
=> = (BDB™)"
n!
n=0
X n
= Z —BD"B~!
n!
n=0
o0 tn
_ 2 o nn -1
=B (Z D ) B
n=0
— BetDBfl
For diagonal D,
0 1"
_ Y nn
- Z n!
n=0
o [
_ v dy
n!
n=0
S oo Ldp . edot
= > om0 %!d? et

2.11. (Cont’d): To summarize, there are three general methods to get P(t):
(1). Solve the backward equation.
(2). Solve the forward equation.

(3). Diagonalization of R: more than 2 states, this method is preferable.

15



3. BIRTH AND DEATH PROCESSES

Section 3. Birth and Death Processes

3.1. Motivation: Think X (¢) as the number of individuals (population) in a system at time ¢.
At any time, the population can only (1) increase by 1, (2) decrease by 1, or (3) remain the same.
This implies that if [¢ — j| > 1, then Pjj—¢ and ¢;; = 0. The generator R in this case takes the
special tri-diagonal form as below. Since the row sums of R always equal to zero, we may introduce
a different set of parameters A and p, where \’s are called the birth rates and p’s are called the
death rates.

-V W 0 0
g0 Vi qu2 0

R=1|0 g1 —-Vo qo3
0 0 g2 -V

[— o Ao 0 0

pr —(A ) A 0

-1 0 2 —(A2 + u2) A2
0 0 H3 —(A3 + p3)

For i =0, Py; = 1. For 7 > 1, we have

A
Ai = Giiv1 = ViPi i1 {Pz’,i—&-l = it

i = Gii—1 = ViP5 i1 P4 = ,\i’fm

3.2. Intuition: When the system is in state ¢, the next (potential) birth happens after an
exponential amount of time with intensity (rate) A;, and the next (potential) death happens after
an exponential amount of time with intensity (rate) w;. The smaller one wins (i.e., happens),
changing the system to the next state. Recall that if Ti(b) ~ Exp(\;), Ti(d) ~ Exp(u;) independent,
then

(1). Pr(TZ-(b) < Tl-(d)) Ai/}:ui = Piit1.

2). Pr(T? <T") = (o = Py,

(3). min(]}(b),Ti(d)), which is the time until the system state changes, follows Exp(A; + ;). This
is why v; = A\; + p; for ¢ > 1 and vg = Ag since there is no pyg.

Because of the special structure, for birthday and death processes, it is always easier to directly
write R rather than writing {v;} and {P;;} first.

3.3. Note: Some special cases of birth and death processes:

e Pure death process. Ay = A1 = --- = 0. No birth at all.
e Pure birth process. p; = g = 0. No death at all.

16



3. BIRTH AND DEATH PROCESSES

e Poisson process. pg =0 and A\; = A > 0. The time between births are iid exponentials with
the same intensity A regardless of the state ¢. This is the counting process of exponential
events, a Poisson process.

e Yule process. u; = 0 and A\; = i\ fori = 0,1,.... The birth rate is proportional to the current
population.

e Linear growth model. \; = ¢A. y; = ip. Individuals are independent and have the same birth
rate A and death rate p.

e M/M/S Queue. See later.

3.4. Note: Consider the forward equations for birth and death processes P'(t) = P(t)R. The
1th row is given by

( i,()(t)a Pill(t)7 Ty i/,j—l(t)? Pi/,j(t)a z'/,j—l—l(t)v . )
[— o Ao
wr — (A + ) M
1) — (A2 + p2)
= (Pio(t), Pa(t),- -+, Pij—1(t), Pij(t), Pijia(t), ) 13 Aj-1
— ()\j + Mz)
Hj+1

Entry-wise, we have

Pl (t) = —XoPio(t) + 1P (t)
PL(t) = N1 P (t) — (N + p5) Pij(t) + pjs1 Pija(t), j=1,2,--

3.5. (Cont’d): For the special case of pure birth process, where p; = 0 for i = 1,2, ..., we have

P;;(t) =0 for j <. If j =4, we have

Poo(t) = —AoPoo(t)

Pi(t) = Xic1 Piica(t) —NiPy(t) = —AiP(t),i = 1,2,

=0
The initial condition is P;;(0) = 1. The solution of this equation is clearly
P(t) = e it
Intuitively, since the CTMC is a pure birth process,
Pu<t) = PI‘(X(t) =1 ‘ X(O) = Z)

=Pr(T; > t)
— 67}\2‘15

17




3. BIRTH AND DEATH PROCESSES

For j > i, this becomes
Pi(t) = Aj—1Pij-1(t) — A\ Py (t)
Pi(t) + AjPij(t) = \j-1Pij-1(t)
et (Pj(t) + A\ Py;(t) = e¥'A;1 Py ja(t)
!/

)
( Y 7Py (t) ) =Vt Aj-1P -1 ()

= / €Ajt)\j_1pi,j_1(t)dt

t=0 0

ei*Pyj(s) — Py;(0) = Ajl/ NP (t)dt
0

Mty (t ol

S
Py(s) = Amae ™ [ MRty

This yields a recursive formula for P;;(t) with i < j.

18



4. CLASSIFICATION OF STATES

Section 4. Classification of States

4.1. Note: We have seen how to find P(t) = {F;;(t)}ijes. As in the discrete case, once we
have P(t), it is easy to express the distribution of X (%):

(ap); = Pr(X(t) = j) = > Pr(X(t) = j | X(0) = i) - Pr(X(0) = 7)
(sh)
= a0iPiy(t)
1€S
= (a0 P(t));

In words, the distribution of X (¢) is determined by the initial distribution ag and the transition
matrix P(t). Since P(t) is determined by R, we conclude that the distribution of X (¢) depends on
ag and R.

4.2. Note: R to P(t) in CTMC is like P to P(™ in DTMC.

4.3. Note: Let f be a function defined on the state space f : S — R. Then
E[f(X ()] =D fG) Pr(X(t) = j)

jes
= Oéth
= agP(t) f"

where «y is a row vector and f7 is a column vector.

4.4. Note: Recall that if a CTMC {X(¢)} is only observed when the state changes, the resulting
process is a DTMC, denoted as {X,},—0,1,., known as the discrete skeleton / embedded
DTMC of the CTMC {X(¢)}¢>0. The transition matrix of this DTMC is {P;;}; jes, where P;; =
Pr(X(T;) = j | X(0) =14). If V; = 0, ¢ is absorbing, then define P;; = 1 and P;; = 0 for all j # 1.
The question is, what do these concepts in discrete time become?

4.5. Definition: State j is said to be accessbile from i (or 7 is said to communicate to j) if
Pr(X(t) =37 | X(0) =14) = P;(t) >0

for some t > 0. Denote this as i — j.

4.6. Definition: ¢ and j are said to communicate with each other if i — 7 and 5 — 7. Denote
it as ¢ <> J.

4.7. Remark: By definition, a state ¢ always communicates with itself, which is different from
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4. CLASSIFICATION OF STATES

DTMC setting (no self-loop). Why? Because when V; > 0, the probability of the Sojourn time at
state ¢ being 0 is never 0 (tail probability of the exponential distribution).

4.8. It turns out that we have something simple for communication.

4.9. Proposition: Fori # j in a CTMC, i — j iff i — j in the discrete skeleton.

Proof. A3. O

4.10. Definition: A set C' C S is called a communicating class if for all 4,5 € C, i <> j, and
forallie C,j € C, i j.

4.11. Definition: A CTMC is called irreducible if all its states are in the same class.

4.12. Clearly, a CTMC is irreducible iff its discrete skeleton is irreducible by the preceding
proposition.

4.13. Note: Let R;; be the amount of (continuous) time until the CTMC revisits state i given
X (0) = i. Define R;; = oo if it never revisits 1.

4.14. Definition: The state ¢ is recurrent if either Pr(R;; < co) = 1 or ¢ is absorbing. It is
transient if Pr(R;; = oo) > 0.

4.15. Remark: A CTMC revisits a (non-absorbing) state ¢ iff its discrete skeleton revisits i.
A state 7 is recurrent iff it is recurrent in the DS of the CTMC. As a result, recurrence/transience
are class properties.

4.16. Note: An irreducible CTMC is recurrent/transient iff all its states are recurrent/transient.
An irreducible CTMC is recurrent/transient iff its discrete skeleton is recurrent/transient.

4.17. Note: There is no concept of periodicity in continuous time. That’s because if Pr(X (¢) =
j | X(0) =1i) > 0 for some t > 0, then Pr(X(¢t) = 5 | X(0) =4) > 0 for all ¢t > 0 because the
sojourn times are exponential which can be arbitrarily large or small.
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5. PoSITIVE AND NULL RECURRENCE

Section 5. Positive and Null Recurrence

5.1. Motivation: In the previous section, we have seen that accessibility, communication, com-
municating class, recurrence, and transience behave in the same way for CTMC as in the discrete
skeleton, except for that each state communicates with itself in CTMC. As a result, recurrence and
transience are still class properties. We also noted that there is no notion of periodicity for CTMC.
You may ask, is there anything different between CTMC and its discrete skeleton? The only pair
of concepts we haven’t discussed so far is positive and null recurrence.

5.2. Definition: Let R;; be the amount of (continuous) time until the MC revisits state i, given
X(0) = i. A state ¢ is called positive recurrent if E(R;;) < oo or state ¢ is absorbing; i is called
null recurrent if it is recurrent but E(R;;) = oo.

5.3. Intuition: A state ¢ is positive recurrent if the expected time it takes the chain to return
to state 4 is finite; it is null recurrent if it is recurrent but the expected time it takes the chain to
return to state ¢ is infinite.

5.4. Is positive and null recurrence always the same for a CTMC and its discrete skeleton?
Intuitively, recurrence and transience are the same for both a CTMC and its discrete skeleton
because thse two concepts only concern whether a state will be revisited or not; the time factor
isn’t relevant here. However, positive and null recurrence take the time factor into consideration,
and this time factor is something that discrete skeleton does not reflect. Again, the discrete skeleton
contains only information about the state change and ignores the information about time. This
hints that the positive and null recurrence criterion might be different between a CTMC and its
discrete skeleton.

5.5. Example: Consider a DTMC with one-step transition matrix. Intuitively, at each step,
you have ¢ probability to go back to state 0 and p probability to move right one step, except at
state 0 where you always go to state 1. In other words, as long as the chain is not in state 0, in
each step, it has a fixed probability of returning to state 0. Thus, we can model the time it takes
to go back to state 0 with a geometric random variable, because you just repeatedly try something
(independent with the same probability) until a success.

0 1 00
qg 0 p 0
g 00 p
000

Thus, 0 is recurrent and the amount of time it takes for the chain to leave and revisit state 0 is
1
Ropp =1+ Geo(q) = E[Ry] =1+ - < <.
q

Finally, since the chain is irreducible, the entire MC is positive recurrent.
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5. POSITIVE AND NULL RECURRENCE

5.6. Example: Now consider a CTMC whose discrete skeleton has the transition matrix above,
because our goal is to compare and contrast how positive and null recurrence behave for a CTMC
and its discrete skeleton.

Let {X(t)}+>0 be a CTMC taking the above DTMC as its discrete skeleton, i.e., with the same
P = {Pj;}; jes for its parameterization.

Let W be the number of transitions to return to 0. Note this W plays the role of Ry in the discrete
setting, but it is no longer the Ry in the continuous setting.

Let T; be the amount of (continuous) time the MC stays at state i (before visiting state i + 1), i.e
the sojourn times of state ¢. For example, T5 stores the amount of time the MC states at state 2
before visiting state 3. Define Ty to be the amount of time the MC stays at state W — 1 before
visiting state 0.
Then the total time for the MC to revisit state 0 is given by

Ro=To+T1 +- +Tw-1.
We know that T; ~ Exp(v;) independently. Then

(o) = (ZT)

=E (Z Til{W>i}> use indicator to replace upper bound
o0

Z [T:1 {W>l} monotone convergence theorem
>

Z E[L{wsi] X 1LY = E[XY]=E[X]E[Y]
o

Z i| Pr(W > 1) defn of indicator variables
=0

Since W = 1 + Geo(q),
Pr(W >i)=(1—¢) 1 =p~L
Combined with E[T;] = 1/v;, we get

o
1
E[Ro] = —p
v;
=0

—1

By choosing a sequence of v; which decreases to zero “fast enough”, we can always make this
1

expectation (the sum) to infinity. For example, taking 1/v; = 1/p'~!, we get
o
E[R()()] = Z 1= o0.
i=0
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5. POSITIVE AND NULL RECURRENCE

5.7. Intuition: We conclude this example with some intuition. By letting the sojourn time
increase fast enough as the CTMC goes far from zero, we can have different results on positive and
null recurrent states between the discrete skeleton and the CTMC. In this example, the discrete
skeleton is positive recurrent whereas the CTMC is null recurrent.

5.8. Remark: Positive and null recurrence are still class properties. As in the discrete case, we
can prove that all the states in the same class must be positive recurrent/null recurrent/transient
at the same time.
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6. STATIONARY DISTRIBUTION

Section 6. Stationary Distribution

6.1. Definition: Let {X(¢)}+>0 be a CTMC. A row vector ™ = (mp, 71, ...) with m; > 0 for all
i € S is called a stationary distribution of {X (¢)};>0 if it satisfies the following two conditions:

e Stationarity: m = 7 - P(t) for all ¢ > 0.

e Normalization: 7-1=3% . om = 1.

6.2. Intuition: Such a distribution is called stationary by the same reason as in the dis-
crete case: If we start the CTMC from the initial distribution 7 (which is stationary), then the
distribution of X (¢) will always be 7 for any ¢t > 0. In other words, we have

Vt>0:Pr(X(t) =j) =m.
Indeed, oy = ay - P(t). Taking oy = 7w, we get m = m - P(t) which holds by definition.
6.3. In contrast to the discrete setting where we can find the stationary distribution by definition,
working with definition in the continuous setting is much more complex, because P(t) = ‘% is often

messy to work with and we want this system of equations to hold for all ¢t > 0. Is there a better
way to find 7?7 In particular, can we find 7 without messing with P(t)?

6.4. Note: Let ¢t > 0 and let 7 be a stationary distribution, so m = 7 - P(t). Then

m-I=m-P(t)
T (P(t) - 1) =
P(t) —
s (t) IzO
t
Pit) -1
lim 7 <t) =0
t—0 t
- lim <t)_I:
t—0 t
T-R=0

In words, any stationary distribution 7 must satisfy the equation 7 - R = 0.

6.5. (Cont’d): On the other hand, assume the initial distribution is 7 satisfying 7 - R = 0.
()" = (o - P(t))’
= ap - (P(t))’
Qg - R- P(t)
m-R-P(t) ag=m
=0-P(t)=0

Since the derivative of the distribution is zero, it is not changing over time. Thus, 7 is stationary.
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6. STATIONARY DISTRIBUTION

6.6. (Cont’d): We conclude that 7 is stationary iff
eT-R=0
er-1=1

This is much easier to use compared to the one with P(¢).

6.7. Note: We are now interested in the relationships between 7 of a CTMC and the stationary
distribution ¢ for its discrete skeleton. We know the following two equations hold.

e Continuous: TR=0
e Discrete: Y P = .

Let us expand the expression for the CTMC and consider the jth component of 7 - R.

—vVo dqo1 qo2 - doj
qi0 —vV1 q12 - 415
(T‘-R)J = [7-‘-0,71-17 o ]

g20 G211 —V3 - Q25

= Toqoj + M1quj + -+ Tjo1Gj-15 —TV; + Tip1Qiq1 +
Since mR = 0, the above expression equals 0, which allows us to write

Tjvj = Toqoj + T1q1j + 0+ Tj-1qi-1,5 + Tit1qi41,5 + 0
= Z Tiqij
i€8,i#]
moj = Y, miviby Gij = viby
i€8,i#]
Next, we look at the expression for the discrete skeleton. Since P;; = 0 for all j, we have
vy =Y P
€S

= Z wipij-

i€S,i#]
Observe that {1} ,cg satisfy the same system of equations as {m;v;};es! Thus,
e If 7 is a stationary distribution for the CTMC, then
v =1{¥j =mvljes
satisfies the stationary condition for the discrete skeleton.

e If ¢ is a stationary distribution for the discrete skeleton, then

N
W—{W]—v}
i) jes

satisfies the stationary condition for the CTMC.
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6. STATIONARY DISTRIBUTION

Don’t forget that we still need to satisfy the normalization condition! The stationary condition
itself only gives us the proportion between probabilities and we need to normalize the result to
obtain the final numbers. Starting with

we divide the numerator by the sum of all values to obtain the normalized result:
Yi/vj
2jes Vilvj

Ty =

Similarly, starting with
vy ocmug, Y =1,
JES
the normalized result is given by
V5
> jes Tiv;
Of course, we are assuming both sums in the denominator are finite. From this derivation, we note
that 7 and ¢ are in general not the same, i.e., the CTMC and its discrete skeleton usually do not

share the same stationary distribution; instead, there exists a relationship between between the
stationary distributions. Below we explain why we have a factor of v; and what role it plays here.

Yj =

6.8. Intuition: Like in the discrete case, the stationary distribution/probability 7; is the long-
run fraction of time that the CTMC stays in state j. On the other hand, ; is the long-run fraction
of steps that the MC spends in state j in the discrete skeleton. For the CTMC, each time the
discrete skeleton visits state j, it will stay in j for an exponential amount of time with mean 1/v;.
Thus, the long-run behaviour of the CTMC needs to be weighted by the mean sojourn time 1/v;.
This explains why we have

5 X ﬁ
Vj

6.9. Remark:

e Recall if an irreducible DTMC has a stationary distribution, then the stationary distribution
is unique. Combined with the relation derived here, we see that if the CTMC is irreducible
and both 7 (stationary distribution for the CTMC) and ¢ (stationary distribution for the
discrete skeleton) exist, then the uniqueness of ¢ implies the uniqueness of 7. (A stronger
result will come later.)

e [t is possible that one of 7,1 exists while the other does not. For example, 1 exists but 7
does not if ) ¢ % does not converge, which happens when v; decreases to zero fast, e.g.,
take v; = 9; for an infinite state space S. With the denominator for normalization become
infinity, we conclude that 7 does not exist.
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6. STATIONARY DISTRIBUTION

6.10. Note: Let us rewrite the stationarity condition 7R = 0. The jth component for this
system of equations is

—V;T; + Zqijﬂi =0

i#]
= TjV; = E TG54
i#]
ﬂ'jvj: E 7T1"L)Z'Pij
i#]

Recall v; is the parameter that governs the sojourn time; a large v; implies we will leave state j
fast and a small v; implies we will stay at j relatively longer. Intuitively, you could view v; as
the speed at which we will leave state j, given that we are currently at state j. Combined with
7; which is the probability that we are currently in state j, we see the LHS represents the rate at
which the CTMC leaves state j.

Now look at RHS. m; is the probability that we are current at state i; g;; is the speed where we
go to state j from state <. Thus, the RHS is the total rate going from other states getting to state j.

In other words, LHS is the “probability flow” out of state j and the RHS is the “probability flow”
into state j. Both are under the stationary distribution. Hence, 7R = 0 simply says that the
“probability flow” leaving state j should be the same as the “probability flow” entering state j.

6.11. Example: Consider an irreducible CTMC with generator

—a  «
R—
5
and stationary distribution m = (mg, 71). This can be viewed as a generalization of A3Q4. To find
7, we need to solve
T R=0
m-1=1

The first equation gives us the following system:
—amy + fm =0
amg — Bm =0

Note this is a linearly dependent system; one can be derived from the other. Thus, the stationary
distribution gives us the proportion but not the final numbers:

m _p

T [0
Now use the normalization constraint, we get

B a
a+ 3’

T =
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6. STATIONARY DISTRIBUTION

We see that 7 exists and is unique.

Next, we try to find the limiting distribution. It is easy to check (by verifying the backward
equation)

8 4« 6—(a+ﬂ)t a 6—(a+ﬂ)t
P(t) _ a3 a+pB atB  atp

B _ B 67(a+,3)t a4 B e*(aﬁ’ﬁ)t

at+p  atpB atp ' at+f

Taking ¢t — oo, we get

o
@+ @
iy

lim P(t) = [ ath ]
t—o0 a+B a+B

a+8

Note that the limiting distribution probability lim;_,« Pj;(t) does not depend on i and is the same
as the unique stationary distribution 7. We can write

To ~ Exp(a), T~ Exp(B), Roo=To+ 1.

Thus,
E(f __ la B
E(Ro) 1/a+1/8 a+p "
Similarly,
E(Th)
™= E(Ry)
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7. BIRTH AND DEATH PROCESSES CONTINUED

Section 7. Birth and Death Processes Continued

7.1. Note: We look at classification of birth and death processes. Recall the generator matrix

-0 Ao
o — A+ ) A1

R= 12 — A2+ p2) A2

We assume the CTMC is irreducible, i.e., Vi : A;, ; > 0.

The balance equations are:

e State 0: mgAg = w1 f41.
State 1: w1 (A1 + p1) = moAo + map2.
State 2: ma(Ae + p2) = m A1 + w33,

e State n — 1: mp—1(Ap—1 + fin—-1) = Tn—2An—2 + Tplin.

Equation 0 gives

Ao
T = —T7Q-
M1
(0) + (1) gives
A ApA
7T1)\1 = Ty —> T2 = 717.[.1 = 0 17'('0.
2 H1p2

Repeating this procedure, (0) + (1) + --- + (n):
AOAL - Ap—
Tn—1An—1 = Tplly = Tp = MT"O-
M2 - - -

Consider state n (and n 4+ 1,n + 2,---). The only flow going into this part is 7,1 A,—1; the only
flow going out of this part is m,u,. Thus, we need m,_1An—1 = Tnlin.

Balance equations give us proportions of m;. Now using normalization:

00
A Ao Ap

E 7Tn:1:>7'r<1—|—0+-"—|—0n1—|—'-'>:1
M1

1
T =
[e'¢) k=1 )\
Hn—l Ai
™ Bi+1

- =1
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7. BIRTH AND DEATH PROCESSES CONTINUED

Thus, a stationary distribution exists iff

To recapitulate, a necessary and sufficient condition for an irreducible birth and death process to
be positive recurrent is

7.2. Note: If the above condition does not hold, how can we know whether the CTMC is null
recurrent or transient? Consider the discrete skeleton with the following transition matrix:

0 1
g1 0 A1
A1tpr A1+p1
P - M2 0 A2
A2+p2 A2+p2

Define f,,0 = Pr(MC ever (re)visits state 0 | X(0) = n). Then foo = 1 iff Os recurrent iff the MC is
recurrent. Otherwise, it is transient. Using first-step analysis,

Joo = 1f10 = f10

(A1 =+ 1) fio = p1 + Aifao
fo0 — f10 = l)\% (fio—1)

In general,
_Hn A
frno = p nfn 1,0 + p nfn+10
()\n + ,Un) an = ,Uunfnfl,O + )\nfn+1,0
Jnt1,0 — fro = % (fro = fu-1,0)
n —Jno = 7 \UJn0 — Jn— = X -1

Jrt1,0 = frno )\n(fo fn=10) /\n--'Al(flo )

Now

far10= fio+ Y (fix10 = fio)

i=1

—f1o+zm (flo—l)
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7. BIRTH AND DEATH PROCESSES CONTINUED
If the MC is transient, fog = fi0 < 1 and fi9 — 1 < 0. However, we need

Jim foi10 = flo-l-zuZ (fio—1)=0

)\1

This means
o i
P
— <
D 5 <
=1
We will need the other direction. For n = 1,2,---, define

f%”rl) = Pr(the MC visits 0 before n+1 | X (0) = 7).

7

Then, by first-step analysis, we have the same equations as before, but now also with a boundary
condition

n+1
£y =o.

Recall
f('ri—ll—lo) (n+1 Z i - ( (n+1) 1)

—1_((”+1)_1)<1+Z’“ )

L = e
o0
1+ Zz 1 l)L\ )\1

Take n — oo,
lim 1 — f"™) = lim P( the MC visits n + 1 before 0 | X(0) = 1)
o0 n—oo
= P( the MC never visits 0 | X(0) =)
If the MC is recurrent, then the probability is 0, and

1 o~ i
Ty, O@Z)\"”)\ = o0

To conclude, a bnd process is transident iff

o= MiH e~ M
A S | 7
== _ =<
;)\i..‘)\l Z N, %

i=1 i=1
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Chapter 3

Continuous Phase-Type Distribution

Basic Setup . . . . . . L
CDF of CPH . . . . . e e e
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Properties of CPH . . . . . . . . . . e
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1. BASIC SETUP

Section 1. Basic Setup

1.1. Definition: Let {X(t)};>0 be a CTMC having m transient states E = {1,2,...,m} and
one absorbing state 0. Consider the generator

Grenercter -

e The first row is a zero row because 0 is absorbing.

e #yis amx 1 column vector that specifies the transition probabilities of going from a transient
state to the absorbing state.

e T'is a m x m matrix that specifies the transition probabilities of going from a transient state
to another transient state.

Since the row sums of R are always 0, you have
to+T-1=0.
As a result, we have
to=-T-1.
Define a = (aj,a9,...,a;,) to be the 1 x m initial probability (of the transient part); that
is, &y = Pr(X(0) = ¢) for 1 < i < m. The probability of starting at state 0 is given by
1-Y " os=1—a-1
Define Y to be the time until absorption
Y :=min{t > 0: X(¢) =0}.
We say that such Y has a continuous phase-type distribution with representation
T ~ CPH,,(a, T).
In words, a CPH is fully specified by

e m: the number of transient states.
e «: initial probabilities for the transient states.

e T': transient part of the generator.
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2. CDF or CPH

Section 2. CDF of CPH
2.1. Note: We look for Pr(Y > y) and take the complement of this to obtain the CDF. For

y =0,
Pr(Y >y) =Pr(X(y) € E)

- ZPr(X(y) € E| X(0) =1) Pr(X(0) =1i)
— ZaiPr(X(y) € E|X(0)=1)

=D i) Pr(X(y) =7l X(0)=1)

P(y) = "
|
—n
oo yn
_ J  pn
=1+ nz_:l R
X ,n
=1+ Z y—' [ ;)( jg)n] not interested in X
n!
n=
! 0 t interested in X
= n not interested in
X S LT T
{1 0 . din X
=lx T not interested in

Note that X is not interesting to us, as we can compute it through
X=1-¢""1.

Thus, to conclude, we have

Go back to (%), we have
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Then the CDF of Y is given by
Fy(y)=1-Pr(Y >y)=1—-a-e'T 1.
Note that

PrlY =0)=F0)=1-a-I-1=1-a-1=ap.

which makes sense.
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3. PHF or CPH

Section 3. PHF of CPH

3.1. Note: For y > 0,
fy ( )—*dF ()
Yy _dy Yy
d
:@(1—&6yT1)

d
= —a—ev11
dy

= —ae¥TT1
~ YT o
= ae? tO tO =-T1

To summarize, Y is a random variable that has a discrete probability mass at 0 with probability
ag =1 — al and a density for y > 0 given by

fr(y) = aeTt.

3.2. Example: Consider the exponential density
f(z) = Xe 2.
The CPH representation is given by: generator:
0 0
w=3 5

e probability of going from transient 1 to absorbing 0 is .

Initial distribution: (0,1). The transient part: 1.
Number of transient states: 1.

Thus, this is a CPH; (1, —\).
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4. PROPERTIES OF CPH

Section 4. Properties of CPH

4.1. Note (Independent Sum of CPH): Let X ~ CPH,,(a,T) and Y ~ CPH,, (8, S) with
X 1L Y. Using the same reasoning as for DPH, we have

Z:=X+Y ~ CPHpyn(6,D)

where
5:(0[)0505)
X Y
D= X [T tp
Y 0o S

Note that #p/3 is an m x n matrix. This ensures the exit distribution for X is the initial distribution
needed by Y.

4.2. Example (Gamma): Also known as Erlang distribution with parameters n, .
)\nen—le—)\aﬂ

z>0A>0neZ"

If X ~ Erlang(n,)), then X —4 >, Y; where Y] i Exp(A) (proof omitted). Thus, we have
X ~ CPH,,(«,T) where
a=(1,0,0,...,0)
12 .- n
[—X A
-A A
A A
-

Note the same reasoning works for independent sums of exponential random variables with different
parameters.

4.3. Note (Mixture of CPH): Let X ~ CPH,,(a,T) and Y ~ CPH,,(3,5). Define

7 X with probability p
" lY  with probability 1 — p

the choice of going from X or Y is independent of X and Y. That is,
Fz; =pFx + (1 —p)Fy.
As in the discrete case,

Z ~ CPH,4n(gamma, G)
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4. PROPERTIES OF CPH

where v = (pa, (1 — p)f) and

XY
G= X [T O
Y |0 S

As a result, the mixture of exponential or Erlang distribution are again CPH.

4.4. Note: All the moments of a CPH are finite.
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Queuing Theory.
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1. SETUP

Section 1. Setup

1.1. Definition (A/S/m/c/p Queue): We characterize a queue using five parameters:

e A: Arrival process, often assume iid interarrival times (so this is a renewal process), e.g.,

— M: exponential interarrival times, so Poisson arrival process.
— G general interarrival times.

— D: deterministic (constant) interarrival times.

— Fy: Erlang-k interarrival times.

— PH: continuous phase-type interarrival times.

Service process, using the same set of labels as A.

S

e m: Number of servers.
c: Capacity, which equals waiting capacity + service capacity, often omitted when ¢ = co.
p:

Population, the number of customers in total, often omitted when p = oo.

1.2. Example (M/M/1 Queue): With A = M (Poisson arrival times), S = M (Poisson
service times), m = 1 (one server), we are looking at a system that has one single server with
Poisson service times and unlimited waiting places and customer population.

1.3. Example (M /M/m/m Queue): Poisson arrival times and Poisson service times. How-
ever, we have m servers and m capacity. Since capacity equals service places, there is no waiting
places, so any customer that cannot get served right away will leave the system right away.

1.4. Definition (Queue Length): Define queue length to be the total number of customers,
including the ones waiting and the ones being served.

1.5. Definition (Service Discipline):

e FIFO/FCFS
LIFO/LCFS

— Preemptive resume: arriving customers will be immediately served; interrupted ser-
vice resumes afterward.

— Preemptive restart: arriving customers will be immediately served; interrupted ser-
vice restarts afterward.

— Non-preemptive: arriving customer waits until the ongoing services is finished.

Scheduling of servers: services in rotating order, processor sharing.

e SIRO: service-in-random-order.

SJF: shortest-job-first (unrealistically ideal case, minimize waiting time).
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1. SETUP

1.6. Remark: Do queuing systems always have the Markov property?

In general, the answer is No. Recall that the Markov property implies memoryless in time, which
requires both interarrival times and services times to follow an exponential distribution. Thus, we
see that only M /M /s queues satisfy the Markov property and thus are directly CTMC.

However, there are cases where we can transform them into CTMC/DTMC.

(1). G/M/s queue observed at each arrival is a DTMC, as this allows you to forget about inter-
arrival times.

(2). M/G/s queue observed at the beginning/end of each service is a DTMC, as this allows you
to forget about service times.

Although Erlang-k and PH are not memoryless, due to their relation to the exponential distribution
and CTMC, the systems with these distributions can be transformed into CTMC with additional
parameters included in the states.
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2. SIMPLE CASE: M/M/1 QUEUE

Section 2. Simple Case: M/M/1 Queue

2.1. Note: By definition, an M/M/1 queue means the system has one server and both the
interarrival times and the service times follow a Poisson distribution. From the previous remark,
we know that this is a CTMC, in particular a BnD process where each “birth” corresponds to
the arrival of a new customer and each “death” corresponds to the completion of one customer’s
service. Since the arrival rate and service rate do not depend on the current number of customers
in the system, we have A; = A\ (constant arrival rate) and p; = p (constant service rate, as there is
only one server).

2.2. Definition: Define the traffic intensity for an M/M/1 queue by

pi=—.
n

2.3. Note: Recall that for a BnD process, a stationary distribution exists iff

oo
Z/\O...)\n_l o

— Ml...un

In this case, the stationary distribution is given by

1
T = X1’
L+ 3700,
Aot Ao
my = —————— .
Since A; = A and p; = p, we see that
A\
T, = () 70,
!
1 1 A
T = — f— 1 -
0 o 2\ n 1 [
1+ Zn:l (ﬁ) 1-X\/p

A\’ A\’
- (-}
H M
provided that A < u. Using the newly-defined p, we can write
m=(1-p)p".

In particular, a stationary distribution exists iff

p<1l < A< p.
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2. SIMPLE CASE: M/M/1 QUEUE

2.4. Note: Some interesting quantities.
e Probability that the server is busy.
Pr(server is busy) =1—mp=1— (1 —p) = p.

e Expected number of customers in the system.

o0

' - P
=0

which is the mean of a geometric random variable X ~ Geo(1 — p) which starts counting
from 0.

43



3. DETAILED BALANCE CONDITION

Section 3. Detailed Balance Condition

3.1. Definition: A distribution 7 satisfies the detailed balance condition for a CTMC with
generate R if

Vi,j €S : WiRij = WjRji-

3.2. Intuition: m;R;; is the total probability flow from 7 to j and 7;Rj; is the total probability
flow from j to 4.

3.3. Theorem: If a distribution w satisfies the detailed balance condition, then it is a stationary
distribution.

Proof. Note that
>, mRij= ), mR;
JES,j#1 JES,jAi

v Z Rij: Z ﬂ'jRji

JES,jFi JESJ#1

—miRi= Y Ry
JESJF#1

0= Z?TjRji

jes
= Vi:(7R); =0
Moreover, 7 is a distribution. It follows that 7 is a stationary distribution. O
3.4. Note: In general, a stationary distribution does not need to satisfy the detailed balance

condition, so

detailed balance condition = stationary distribution

stationary distribution =% detailed balance condition

However, if the CTMC is a BnD process, then

detailed balance condition <= stationary distribution.
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4. QUEUES WITH INFINITY POPULATION AND CAPACITY: M/M/c AND M /M /oo

Section 4. Queues with Infinity Population and Capacity: M/M/c and M/M /oo

4.1. Note: Recall the following result from STAT-330. Let X1,..., X, be independent random
variables where X; ~ Exp();). Then min{Xy,...,X,} ~ Exp(A1 + --- + Ay). In particular, if
Xi,...,X, are iid random variables following Exp(\), then

min{Xy,..., X, } ~ Exp(nA).

4.2. Note: As before, an M/M/c queue is a CTMC, and in particular, it is a BnD process.
The birth rate is A\; = X as the arrival rate is constant, but the death rate is more complicated.

_Jip i <e
Hi cu 1>c

Suppose there are ¢ customers in the system. If the number of customers is smaller than the number
of servers in the system, i.e., i < ¢, then all customers will be served and ¢ servers will be busy.
Since the service times of these services are iid random variables following Exp(u), we see that the
next completion of any service is essentially the minimum of these 7 exponential random variables.
Using the result given above, since each service time follows Exp(u), the minimum of these 7 iid
exponential random variables is pu; = ip in this case.

Now suppose there are ¢ > ¢ customers in the system, which implies that all servers will be busy.
We can use the same argument to show that p. = cu, because the next completion is the minimum
of c iid exponential random variables with parameter u. For ¢ > ¢, since we are still waiting for
the same number of servers to finish (which is ¢), the next completion remains the minimum of ¢
iid exponential random variables. Hence, when ¢ > ¢, the death rate is always cp.

To summarize, when the number of customers in the system is smaller than the number of servers,
the death rate grows proportionally /linearly with the number of customers. However, when the
number of customers reaches the number of servers, then the death rate will become a constant.

4.3. Note: We now derive the stationary distribution of an M /M /c queue.
1

= , :
c—1 )\t 00 Al
1 + 21:1 W + Zi:c C!Cifcp,i
Ai
— 70 1 S 1 <c— 1
il
= ,
Al )
a0 t=c¢
cle=¢cu

Note the stationary distribution exists iff the denominator of 7y e, so let us look at the third term.
Observe that

i:CC.C y2i
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4. QUEUES WITH INFINITY POPULATION AND CAPACITY: M/M/c AND M /M /oo

4.4. Definition: Define the traffic intensity for an M/M/c queue by

pi=—.
cp

4.5. Note: Continuing from Note 4.3, we see that a stationary distribution exists iff p < 1. In

this case,
c—1 ; 0o -1
_ (cp)’ <
W°_<1+Z PP
=1 i=c
c—1 i -1
(cp)’ cp°
=1+ — +
( ; i! cl(1—p)
c—1 i -1
(cp)" | (cp)©
=1+ — +
( ; i! c(1—p)
and
i
(C'(:) m 1<c—1
7!
T = C 0
¢ l') ™0 ) >c
c!

4.6. Note: Now consider the case where ¢ = co. Using the same argument, this is a CTMC
and a BnD process with A\; = A and p; = ¢y for all ¢ > 0.
1

1+ > zv%
()\/M)ie_()‘/“)
7!

0 = e M < oo

m =

Observe that this is exactly a Poisson distribution with parameter A/u! Moreover, this M /M /oo
queue always has a stationary distribution as my < oc.

46



5. QUEUES WITH FINITE CAPACITY/POPULATION: M/M/1/¢ AND M/M/1/o0/c

Section 5. Queues with Finite Capacity /Population: M/M/1/c and M/M/1//c

5.1. Note (M/M/1/c): We now set a limit on the capacity, i.e., once the number of customers
in the system reaches ¢, new customers will leave right away.

Birth rate and death rate:

\ - A r<c-—-1 R 1 <c¢
o Hi = arbitrary,0 7 >c+1

(5 0) -

5.2. Note (M/M/1/o00/c): No waiting capacity, but the population is finite. Consider the
following example. Suppose there are C' machine in the system, each breaks according to Exp(\).
Each server will repair the broken machines with service time Exp(u).

Birth rate and death rate:

N (c—i)\ i<c—1 - fpi<c
A I i>c Fi=Y 0 i>et1

Stationary distribution:
i A1

= g = eI\ (e — i) \pmo
e

(S ()
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6. GENERATING FUNCTION

Section 6. Generating Function

6.1. Definition: The (probability) generating function of a distribution 7 on Zx>g is
oo
g9(z) = Y _ 2"m(n) = E(z¥)
n=0
if X ~ for z € [0,1].

6.2. Proposition: The distribution m is recovered by taking derivatives of g at 0, i.e.,

)
TR

Proof. By absolute convergence, we interchange the series and derivative,

0 if n<k or n>k

dk
= wzkw(k) = klr(k)
(k)
9+(0)
= (k) = 1
O
6.3. Proposition: g(1) =Y > n(n) =1, and the kth factorial moment satisfies
E[X(X —1)--- (X —k+1)] = ¢g®™(1).
Proof. Using DCT,
d* x ¥ 5
gt () =F (w )
:E(X(X—1)~.(X—k+1)zm*k>
k
z%E(zX) =EX(X-1)---(X—k+1))
z=1
O

6.4. Proposition: Let X,Y be independent random variables taking values in non-negative
integers with generating functions gx and gy. Then gx+v = gx9gy -

Proof. Since X and Y are independent, gx 4y (2) =E (2¥7) = E (%) E (2¥) gx (2)gv (2). O
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Chapter 5

Renewal Theory

1 Introduction to Renewal Processes . . . . . . . . . . . 50
2 Convolution . . . . . . . 51
3 Renewal Function . . . . . . . . 0 e 54
4 Renewal Equation . . . . . . . . . o e e 56
5 Regenerative Process . . . . . . . . L e 59
Highlight

e {N(t)}+>0: Number of events that happen by time t.

e X;: Interarrival time before the ith arrival, i.e., time between the event ¢ — 1 and event %.

e S;: Renewal time for the ith arrival, i.e., time of arrival of event i.

e u: Mean interarrival time, p:= E[X]].
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1. INTRODUCTION TO RENEWAL PROCESSES

Section 1. Introduction to Renewal Processes

1.1. Definition: A counting process {N(t)};>¢ is a stochastic process that represents the
number of events that happen by time t.

1.2. Note: Properties of counting processes:
e N(0)=0

o N(t) € Z>o

e s<t = N(s)<N(t)

1.3. Definition: A renewal process is a counting process with iid interarrival times. The
renewal times are the times that events happen.

1.4. Intuition: This type of process is called renewal because each time an event occurs, it is
as if you restart/renew/reset the chain/process and you can think of the chain getting reset back
to the starting point ¢ = 0.

1.5. Note: Let X; and .S; be the interarrival time and the renewal time for the ith arrival. Then

So=0
S1=X1

Si=S1+Xi=X1+Xo+ -+ X;

1.6. Example: The Poisson process is a renewal process with exponential interarrival times.

1.7. Remark: From now on, we assume the interarrival times follow a distribution with finite
mean, i.e., E[X;] < co. In this case, by the Strong Law of Large Number, we have

Sn
— — E[Xl] = .
n
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2. CONVOLUTION

Section 2. Convolution

2.1. Motivation: In order to study the distribution of the sum of independent random variables,
we introduce the technique of convolution.

2.2. Definition: Define
e [ cdf of a non-negative random variable X.
e ¢: non-negative function defined on [0, 00), locally bounded (bounded on all finite intervals).

The convolution of F' and g is a function on [0, c0) defined by
Fxg(t)=E[g(t — X)1ix<y]

t
/ g(t — ) f(x) dzx if X has density f
0

t

_ / gt — o)dF(z) =
0 Z gt —z)Pr(X =2) if X is discrete

0<z<t

where f(x) = %F(x) almost everywhere (the undefined set has measure 0).

2.3. Note: Convolution is linear (inherited from integral). In particular,
o Fx(cg) = c(F xg),

o Fx(g1+g2)=Fx*gi+Fx*go,

e Vae0,1]: (aF +(1—a)Fy)xg=a(F1*xg)+ (1 —a)(Fy*g)

2.4. Proposition: If g = G is the cdf of a non-negative random variable Y and X 1LY, then
F «G(t) is the cdf of X + Y.

Proof. Algebraic proof: Assuming continuous case,

PriX+Y <t)=E[Pr(X+Y <t]| X)]

E[
:/tPr(X—i—Ygt]X:x)f(x)dm

0

J

t
Pr(Y <t—ux)f dw-/Gt—x z)dr = F x G(t)

Probabilistic proof:

FxG(t)=E[G(t - X)l{th}]

[Pr(Y<t—X|X)1{XSt}]

E[Pr (Y<t—X]X)]
:Pr(Y<t— PriY <t—-X|X=x2>t)=0
:Pr(X+Y<t
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2. CONVOLUTION
2.5. Corollary: If G is a cdf, then F xG =G x F.

Proof. X +Y and Y 4+ X have the same distribution. O

2.6. Corollary: If X, Y are independent and have densities f, g, then X +Y has density

h(t) = /0 ot — ) f (@) de.

Proof. Let F and G be cdfs of X and Y, respectively. Then the cdf of X + Y is given by F % G.

h(t) = %F LG

d
_ jt/o Gt — o) f(x) da

t
— [ gt =)t s
0

O
2.7. Proposition: F x g is also non-negative and bounded on finite intervals.
Proof. Since g is non-negative, we have
Fg(t) =E[g(t — X)1x<y] > 0.
Moreover, if g(s) < M on [0, ], then
Frg(s) =Elg(s = X)lx<yl <M
so F' x g is bounded on finite intervals. O

2.8. Note: We now define what’s known as n-fold convolution. Suppose g = G is the cdf of a
random variable Y. Then

F*(F*Q)ZF*FX+Y:FX’+X+Y,
where X, X’ have the same cdf F. Similarly,

(F*F)*g:FX+X’*g:FX+X’+Y'
But X'+ X +Y and X + X' 4+ Y have the same distribution!

2.9. Definition: Let F' be the cdf of a non-negative random variable X. The n-fold convo-
lution is defined by

F'(t)=F«Fx---x F(t),

which is the cdf of the sum of n independent copies of X.

52



2. CONVOLUTION

2.10. Note: Now consider the n-fold convolution in our renewal processes setting.

If F is the cdf of the interarrival times X;, then F" is the cdf of S, = X1 + -+ - + X,,, which is the
renewal time of event n. Let’s see what interesting quantities we can derive from this.
Since F™ is the cdf of S,,, by definition, we get
F"(t) = Pr(S, <1).
Equivalently, using the definition of counting process,
F"(t) =Pr(N(t) > n).

Can you see why these two probabilities are equal? ¢

Let us try to express Pr(N(t) = n) in terms of F". Observe that
Pr(N(t) =n) = Pr(S, <t) — Pr(Spe1 < t) = F(t) — F™"(1).

This gives us one way of expressing Pr(N(t) = n).

Alternatively, let us define the survival function of X. ¢
F(t):=1—-F(t) =Pr(X >t).
Then
FH () + F™(t) « F(t) = F™(t) « F(t) + F"(t) * F(t)
=F"(t)« F(t)+ F"(t) « (1 — F(t))
=F"(t)« F(t)+ F"(t)« 1 — F"(t) « F(t)
=F"x1
= F"(t)
— F"(t) % F(t) = F™(t) — F""(1).
Since Pr(N(t) = n) = F"(t) — F"*1(t), we also have
Pr(N(t) =n) = F"* F(t).

“Intuitively, Pr(S, < t) finds the probability that the event n occurs no later than time ¢, while Pr(N(¢) > n) finds
the probability that we have encountered at least n events in the time period [0,¢]. Therefore, they are equivalently.

*The probability that we encounter example n events in the time period [0, 1] is equal to the probability that the
event n occurs no later than time ¢ minus the probability that the event n + 1 occurs no later than time t.

“Intuitively, if we view F(t) = Pr(X < ¢) as a function modelling the probability that an animal dies before time
t (i.e., its lifetime), then F(¢) models the probability that an animal lives pass time ¢. Hence, it is called the survival
function.

2.11. Remark: 1 serves as the identity element in convolution:

Fx1=E[l-1xcn] = Pr(X <t) = F(1).
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3. RENEWAL FUNCTION

Section 3. Renewal Function

3.1. Motivation: From the previous section, we have F"™(t) = Pr(N(t) > n). Then the expected
number of events in time period [0, ] is given by

E[N(t)] =Y Pr(N(t) >n) =Y _ F"()
n=1 n=1

3.2. Definition: The expected number of renewals by the time t is called the renewal function
of the renewal process.

m(t) ==Y F™(t) =E[N()].
n=1

3.3. Note: The renewal function has the following properties (we will skip the proof):

e m(t) > 0 and m(t) is non-decreasing.

e The renewal function completely determines the distribution of the interarrival time.

3.4. Proposition: m(t) < oo for allt > 0.

Proof. Fix t > 0.

Case 1. F(t) < 1. Then a := Pr(X; >t) > 0. For any n € Z,
F*"(t)=Pr(S, <t)=Pr(X; 4+ -+ X,, <1t)
<Pr(X, <t -, X, <t)
= (Pr(X; < 1))" iid
=(1-a)"

Since 1 — a < 1, we have

o0

m(t) =Y F'#) <) (1-a)" <o
n=1

n=1

Case 2. F'(t) = 1. Then there must exist s > 0 such that Pr(X; > s) > 0. Let k € Z; be such that
ks > t. As a result,

a:=Pr(X;+- -+ X >t) >Pr(X; >s,..., X >s) = (Pr(X; > s))" > 0.

Define Y1 = Sy, Yo = Sok, ..., and let Ny be the counting process of {Y;}. Intuitively, we only
count the kth, 2kth, ... arrivals. Then
N(t
Ny(t) = ’Vk(:)-‘ — N(t) < k‘Ny(t) + k.

Thus, it suffices to prove that my (t) = E[Ny (t)] < co. However, note that Y1,Ys —Y7,Ys — Ya,. ..
are iid and satisfy a = Pr(Y; > t) > 0. This goes back to case 1. We are done. O
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3. RENEWAL FUNCTION

3.5. Corollary: With probability 1, N(t) < oo for all t < co.

3.6. Example: Consider a renewal process where the interarrival times are iid Exp()), i.e.,
Poi(At). Let us find the renewal function. Since sum of n iid Exp(A) follows Erlang(n, A) with cdf

7!

n—1 i
F”(t)zl—Ze‘M()\) t>0.

1=0
Thus,
00 oo n—1
_ m _ —At ()‘t)Z
mt)=> F'(t)=)_ (1—26 i >
n=1 n=1 =0
= ngl <1 — (1 — ;eq‘t( i!) )) Poisson pmf
_ i i ot (A1)
n=11i=n !
_ i i ot (A1)
i=1 n=1 !
_ i oM (At)
P 7!
=\t expectation of Poi(\t)

This is expected, because N(t) ~ Poi(At).
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4. RENEWAL EQUATION

Section 4. Renewal Equation

1. Note: Recall m(t) denotes the expected number of renewals by time ¢. Let us condition
on the first arrival /renewal.

/f dm—l—/mt—x x)dx

F(t) + F «m(t) t>0

4.2. Definition: The equation
m(t) = F(t) + F x m(t)

for t > 0 is referred to as the renewal equation.

4.3. Proposition: The expected time of the next renewal is given by

E [SN(t)—I—l] = M(m(t) + 1)> t2>0,
where p:= E[X;].

Proof.

E[Snpa] =E| Y X

=E | ) X;linptis
=

=E > Xilivezi-1)
=1

oo
=E | > Xilx, et x, 1<)
=1
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4. RENEWAL EQUATION

o

E[le{X1+---+Xj71§t}]

<.
Il
—

Mg

Il
—

E[Xl] PI‘(S‘_l S t)

_MZF] 1

O]

4.4. Theorem: For a renewal process whose interarrival times have pdf f and cdf F, if a
function Z(t) satisfies

26)=9(0)+ | Z(t=o)f(@)dz = g(t) + F + 2

fort >0 where g is a function that is bounded on finite intervals, then the unique solution for Z(t)
which is bounded on finite intervals is

Z(t) =g(t) + mx*g(t) +ZF">|<g t>0
Note we extended the definition of convolution to the case where g is not non-negative.
Proof. Later. O

4.5. Remark: The standard renewal equation for m(t),
m(t) = F(t) + F «m(t)

satisfies the condition of the above equation, with g(¢) = F'(t). Hence, by the theorem, the unique
solution is

+ZF"*F ZF”

which agrees with what we have known.

4.6. Definition: Define the following quantities regarding the current interarrival time (the
one containing t).

® 0y =t — Sy current life time, or age.
® vt = Sn()4+1 — t: excess or residual life time.
o (3 = &; + vy total life time.
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4. RENEWAL EQUATION

4.7. Note:

e Expected residual time: E[y] = Z(t) = pu(m(t) + 1) —¢.

e Average rate of renewals: Nt(t) — i with probability 1.

e Elementary renewal theorem: lim;_, o @ = i

4.8. Note: Let {N(t)}+>0 be renewal process with interarrival times {X,,}5°; with renewal
times S,. When event n occurs at S,,, collect a random reward R,,. Note that we do not assume
R, and X,, are independent. However, assume (X, R,,) are iid for n = 1,2,... Then the total
reward collected by time t is given by

N(t)
R(t)=> Rn, R(t)=0if N(t)=0.
n=1

Here, R(t) is said to be the renewal reward process.

4.9. Theorem: IfE[R;]| < o0 and p = E[X1] < oo, then long run average renewal
E
L R() _E[R)

t—oco ¢ "

4.10. Remark: We actually also have

E
R _ B[R]
t 7
Note the result still holds if instead of collecting the reward at the end of each cycle, we continuously
collect the reward in a cycle.
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5. REGENERATIVE PROCESS

Section 5. Regenerative Process

5.1. Definition: A stochastic process {X (t)}+>0 is called a regenerative process, if it probabili-
tistically restarts at renewal times Si,52,... That is, there exists a renewal process with renewal
times S, So, ... such that

(X () }z0 £ {X(t+ Sa) k0

for any n. The renewals are also called regenerations in this setting.

5.2. Example: Let {X(¢)}+>0 be a recurrent CTMC with X (0) = ¢. Let the renewal time S,
be the nth return to state i. Then {X(¢)};>0 is a regenerative process by Markov property.

5.3. Note: Consider a regenerative process {X (t)}+>0. Like in CTMC, we still call the possible
values of the process states. Imagine that we continuously collect a reward of 1 per unit of time
only when the process is in state j. Then

Sn
e Reward in cycle n: R, = / 1ix(u)=jydu
n—1

t
e Reward collected up to time t: R, = / Lix(u)=jydu
0

A derivation gives us

. R(t) 1t E[R;] E[time in j during one cycle]
lim ——= = lim — | 1iy)—jdu= =
t—oo t t=oo t J J U Elcycle length]

5.4. Theorem (Key Renewal Theorem): For a renewal process where interarrival times
have pdf f and expectation u, if a function Z(t) satisfies

t
Z(t):g(t)—l—/ Z(t—x)f(x)de =g(t) + F x Z(t) t>0,
0
where g(t) is a directly Riemann integrable function that is bounded on finite intervals, then

lim Z(t) = 1 /Ooo g(u) du.

t—00 M
5.5. Note: A function g defined on [0, c0) is called directly Riemann integrable if

li inf :nb <
bl_r}r(l]b%m {g(t) : nb <t < nb+ b},

li :nb <
bgr(l)bnzzosup{g(t) nb <t <nb+b}

both exist and are equal. This notion is stronger than “Riemann integrable on [0, 00)”. In partic-
ular, if a function g satisfies
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5. REGENERATIVE PROCESS

e g(t) >0 for all t > 0,
e ¢(t) is non-increasing,
o [T g(t)dt < oo,

then g is directly Riemann integrable.

5.6. Note: One can derive
E[time spent in A in one cycle]

lim Pr(X(t) € A) =
00 r(X(t) € 4) E[cycle length]

Take A = {j}, we have

R(t E[R
lim Pr(X(t) = j) = lim 20 _ ELRa],
t—o0 t—oo T W
That is, limiting probability equals the long-run fraction of the time spent in j equals

E[time spent in j in one cycle]

E[cycle length]
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